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Abstract. A geometrical realization of wonderful varieties by
means of a suitably chosen class of invariant Hilbert schemes is
given. As a consequence, Luna’s conjecture asserting that won-
derful varieties are classified by combinatorial invariants, called
spherical systems, is proved.
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Introduction
Wonderful varieties are smooth equivariant compactifications X of
spherical homogeneous spaces of a connected complex reductive alge-
braic group G. A normal algebraic G-variety is spherical if it contains
a dense orbit for a Borel subgroup of G. If X itself is G-homogeneous
then it is a flag variety. If however, the boundary D of the open G-orbit
in X is non-empty, then in order for X to be wonderful, the G-variety
D must satisfy strong conditions (see Definition 4). These conditions
were already transparent in the compactifications of symmetric spaces
constructed and studied by DeConcini-Procesi in [DP].
Wonderful varieties are not only interesting in their own right, they
also lend themselves to the study of the wider class of spherical va-
rieties. As for toric varieties, the equivariant embeddings of spheri-
cal G-homogeneous spaces (which are just tori in case of toric vari-
eties) are classified by combinatorial objects, the so-called colored fans;
see [LV, K1]. This classification has been known since the early 80s.
That concerning spherical G-homogeneous spaces has yet to be car-
ried out. Not all spherical G-homogeneous spaces can be compactified
into a wonderful G-variety but whenever it is so, such a compactifi-
cation is unique up to a G-isomorphism. One of the most remarkable
breakthroughs in the aforementioned classification problem was made
by Luna ([Lu3]) while proving that the classification of spherical homo-
geneous varieties reduces to that of wonderful varieties and proposing
a framework to classify the latter.
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Here, motivated by Luna’s principle, we do indeed classify all won-
derful varieties by verifying Luna’s fundamental question (see below).
The unique closed G-orbit of a wonderful G-variety X , the weights
w.r.t. a Borel subgroup B of G of the function field of X as well as
the B-stable prime divisors of X are invariants of special interest; they
are/yield some combinatorial invariants. After Wasserman completed
the classification of rank 2 wonderful varieties ([W]), Luna highlighted
in [Lu3] some properties enjoyed by the aforementioned combinatorial
invariants of such varieties and took them as axioms to set up the
definition of spherical systems of G. Further, Luna proved that any
wonderful G-variety gave rise to a spherical system of G.
Luna’s conjecture asserts that for any spherical system there exists
a unique wonderful variety producing this system. It should be under-
lined that the uniqueness part of this conjecture can be derived from
Losev’s work ([Lo]) for all groups G. Further, a number of special
cases of this conjecture have been handled case by case using the pro-
cedure and initial work of Luna ([Lu3]); see [BP, Bra, Lu4, BC2].1 The
approach followed therein is Lie theoretical: for a given spherical sys-
tem of some group G, a subgroup H of G is exhibited and thereafter
G/H is proved to admit a wonderful compactification with the desired
spherical system.
The approach adopted in this paper involves the invariant Hilbert
schemes introduced by Alexeev and Brion in [AB]. It not only leads
to a proof of the complete conjecture (existence and uniqueness) but
perhaps more importantly it gives a geometrical realization of the won-
derful varieties at hand.
Besides the combinatorial invariants, let us mention the total co-
ordinate ring (known also as the Cox ring) of a wonderful G-variety,
an algebro-geometric invariant studied by Brion in [Bri4]. The struc-
ture of this ring gives insight to the aforementioned combinatorial in-
variants of a wonderful variety. Moreover, as shown in loc. cit., this
ring is factorial and finitely generated; the spectrum of this ring is the
total space of a flat family of affine spherical G-varieties whose coor-
dinate rings are isomorphic as G-modules. As shown in [AB], closed
G-subschemes of a given finite dimensional G-module, whose coordi-
nate ring has a prescribed structure of G-module are parameterized by
a quasi-projective scheme, the invariant Hilbert schemes; these schemes
allow to prove several results concerning spherical varieties. Connec-
tions between invariant Hilbert schemes and wonderful varieties were
1While this paper was being revised, Bravi and Pezzini completed the existence
part of this program in [BP14, BP11].
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established in [Js, BC1]; the invariant Hilbert schemes considered there
were proved to be affine spaces and the corresponding universal fami-
lies turn out to be the families occurring in Brion’s work. These results
were obtained by means of the already known classification of won-
derful varieties of rank 1 (resp. of strict wonderful varieties) ([A] and
also [Bri1], resp. [BC1]).
The problem of determining classification-free these invariant Hilbert
schemes then arises naturally (see also [Lu4] for related questions). One
of the main goals of this paper is to solve this problem for a class of
invariant Hilbert schemes by deformation theoretic methods. Once this
is achieved, a construction of wonderful varieties is provided and Luna’s
conjecture is proved.
We start by gathering basic material on wonderful varieties and
spherical systems. In the first section, we briefly recall the definition
of wonderful varieties and of their invariants as well as some of their
properties; Luna’s definition of spherical systems is stated in the sec-
ond section. For later purposes, to any spherical system of some given
group G, we attach a set of characters
λD = (ωD, χD) indexed by a finite set ∆.
The ωD’s are dominant weights of G defined after [F] and the χD’s
are characters of some well-determined diagonalizable group C. The
characters ωD (resp. χD) encapsulate the first (resp. the third) datum
of the spherical system under consideration. We conclude the second
section by recollecting how wonderful varieties and spherical systems
are related and by stating explicitly Luna’s conjecture. Further, we
give a geometrical interpretation of the characters λD.
The third section is devoted to definitions and results concerning in-
variant Hilbert schemes. In order to study later the geometry of these
schemes, following [AB], we give a description of their tangent spaces
and define a toric action on these schemes. Further, we set up an ob-
struction theory for the functor of invariant infinitesimal deformations
of the most degenerate point of a given invariant Hilbert scheme. As an
application, we obtain a smoothness criterion for the invariant Hilbert
schemes under consideration (Corollary 28).
In the fourth section, we settle our main results. We start by as-
signing an invariant Hilbert scheme to any given spherical system S ;
this scheme is defined precisely up to the aforementioned weights λD
(D ∈ ∆) associated to S . Many geometrical properties of wonder-
ful varieties can be translated into combinatorial properties of their
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spherical systems and vice versa ([Lu3]). This provides a natural dic-
tionary which in turn allows many reductions to prove Luna’s conjec-
ture. Based on this fact, we consider only spherically closed systems
S (Definition 10) and we study the geometry of the corresponding
invariant Hilbert schemes or rather an open subsets Hilb(S ) of them.
This study appeals to a precise description of the tangent space along
with the aforementioned obstruction space and leads to the following
theorem.
Theorem 1. (Theorem 33) Let S be a spherically closed system of G.
The scheme Hilb(S ) is isomorphic to an affine space where an adjoint
maximal torus of G acts linearly with weights equal to the opposites of
the spherical roots of S .
Let thus Ar ≃ Hilb(S ). Set
G˜ := G× C◦
where C◦ denotes the identity-component of the aforementioned diag-
onalizable group C associated to S and
V = ⊕D∈∆V (λD)
∗
where V (λD)
∗ stands for the dual of the irreducible G˜-module with
highest weight λD.
Consider the universal family of the functor represented by Hilb(S )
V × Ar ⊃ X univ
π
−−−→ Ar
and let X˚ univ be the open subset of X univ defined as follows
X˚ univ = {x ∈ X univ : G˜.x is open in π−1π(x)}.
There is an action of the algebraic torus G∆m = GL(V )
G˜ on X univ. This
toric action stabilizes the set X˚ univ; see Section 5.2.
Theorem 2. (Theorem 37) Let S be a spherically closed system of G.
The quotient
X(S ) = X˚ univ/G∆m
exists and is a wonderful G-variety whose spherical system is the given
S . Further its total coordinate ring is the coordinate ring of X univ.
Combining the above result with Luna’s reduction procedure, we
conclude by proving Luna’s conjecture (Corollary 38):
Corollary 3. The map X 7→ SX , assigning to a wonderful G-variety
its spherical system, induces a bijective correspondence between the set
of isomorphism classes of wonderful G-varieties and the set of spherical
systems of G.
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Appendix A collects some already known results on spherical vari-
eties.
In Appendix B, we recollect the list of spherical roots and we derive
some significant combinatorial properties of the weights associated to
any spherical system.
Appendix C (with the help of Appendix B) can be read indepen-
dently to the body text. Firstly, we perform computations on the
cohomology spaces in degree 0 and 1 of the isotropy Lie algebra of a
sum v∆ of highest weight vectors of V with coefficients in V/g˜.v∆, g˜
being the Lie algebra of G˜. These spaces appear in the characteriza-
tions of the tangent space and the obstruction space already mentioned.
These results are thus applied in the last subsection to prove that this
obstruction space is trivial.
Acknowledgments . I am very grateful to Michel Brion for the interest
he demonstrated in my work, through his comments and advice. I
thank also Dominique Luna for enlightening exchanges, Peter Littel-
mann for the support he provides me and Dmitry Timashev for his
critical reading of a previous version of this paper.
Notation. The ground field k is the field of complex numbers. Through-
out this paper, G is a connected reductive algebraic group. We fix a
Borel subgroup B of G and T ⊂ B a maximal torus; the unipotent
radical of B is denoted by U . The choice of (B, T ) defines the set of
simple roots S of G as well as the set Λ+ of dominant weights. We
label the simple roots as in Bourbaki ([Bo]).
Let Ξ(H) denote the character group of any groupH ; note that Ξ(B)
and Ξ(T ) are naturally identified. Let (·, ·) be the natural pairing
between Ξ(T ) and HomZ(Ξ(T),Z). Then we have in particular that
(α, α∨) = 2 where α∨ stands for the co-root of the simple root α. For
any µ ∈ Ξ(T ), eµ refers to the corresponding regular function on T .
Recall that Λ+ parametrizes the simple G-modules; by V (λ), we
denote the simple G-module associated to λ ∈ Λ+. The dual module
V (λ)∗ is isomorphic to V (λ∗) with λ∗ = −w0(λ), w0 being the longest
element of the Weyl group of (G, T ). Given any G-module V and a
weight µ ∈ Ξ(T ) of V , let Vµ denote the µ-weight space of V and let
V(µ) be the isotypical component of type V (µ) in case µ ∈ Λ
+.
For a given operation of a group H on a set X , the set of points in
X which are fixed by H is denoted by XH .
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1. Wonderful varieties
Throughout this section, we recall notions and results concerning
wonderful varieties; for further details, unless otherwise stated, one
may consult [Lu3] and the references given therein.
Definition 4. A smooth complete algebraic variety equipped with an
action of G is said to be wonderful (of rank r) if
(i) it contains a dense G-orbit whose complement is the union of r
smooth prime divisors D1, . . . , Dr with normal crossings;
(ii) its G-orbit closures are given by the partial intersections ∩i∈IDi,
where I is a subset of {1, . . . , r}.
The radical of G acts trivially on any wonderful G-variety. Accord-
ingly, we assume in the rest of this section that G is semisimple and
simply connected.
An algebraic G-variety is called spherical if it is normal and contains
a dense B-orbit. A spherical G-variety is called toroidal if each of its
B-stable prime divisors which contains a G-orbit is also G-stable.
Proposition 5. A G-variety is wonderful if and only if it is complete,
smooth, spherical, toroidal and contains a unique closed orbit of G
Let X be a wonderful G-variety. Denote the set of its B-stable and
not G-stable prime divisors by DX . We call DX the set of colors of X ;
this set yields a basis of the Picard group Pic(X) of X (see [Bri2]).
Let H ⊂ G be the stabilizer of a point in the open G-orbit of X .
Choose H such that BH is open in G and let p : G → G/H be the
natural projection. For any D ∈ DX , p−1(D) is a (B × H)-stable
divisor w.r.t the left B-action and the right H-action on G. Since G is
assumed to be factorial, p−1(D) is given by an equation. Let fD ∈ k[G]
be an equation of p−1(D); fD is uniquely defined by requiring that
fD(1) = 1 and fD is a (B × H)-eigenvector. The weights (ωD, χD)
of the fD’s generate freely the abelian group Ξ(B) ×Ξ(B∩H) Ξ(H); see
Lemma 2.2.1 in [Bri4].
Let H♯ denote the intersection of the kernels of all characters of H .
Then H♯ is a normal subgroup of G and H/H♯ is a diagonalizable group
whose character group is Ξ(H). The variety G/H♯ is quasi-affine and
spherical under the natural action of G× (H/H♯)◦.
1.1. Combinatorial invariants. Retain the notation set up for a
wonderful G-variety X of rank r. After Luna, we attach three combi-
natorial invariants to X as follows.
The (unique) closed G-orbit Y of X yields the first invariant, a set
of simple roots of G denoted by SpX . Let PX be the parabolic subgroup
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of G containing B and such that Y ∼= G/PX . The set S
p
X is precisely
the set of simple roots of the Levi subgroup of PX containing T .
The second invariant is the set ΣX of spherical roots of X defined
as the following set {σ1, . . . , σr} of linearly independent characters of
T . Let XB be the complement in X of the union of the colors of X ;
it is isomorphic to an affine space (see [Bri2]). Let fi ∈ k[XB] be an
equation (uniquely determined up to a non-zero scalar) of XB ∩ Di.
Then fi is a B-eigenvector and the opposite of its B-weight is denoted
by σi. There is another characterization of the spherical roots of X ,
namely in terms of the T -weights of the normal space to the orbit Y
in X ; see [Lu2] for details.
The third invariant is given by the set DX and a collection of integers
aσ,D indexed by ΣX ×DX . Let us now label the boundary divisors Di
according to the spherical roots σi of X . For each σ in ΣX , we have
[Dσ] =
∑
D∈DX
aσ,D[D] in Pic(X)
where the aσ,D are integers. Equivalently, regarding the equations fi
as B-weight vectors in the function field of X , we get
(σ, 0) =
∑
D∈DX
aσ,D(ωD, χD).
1.2. Total coordinate ring. Let X be a wonderful G-variety and
D = DX be its set of colors.
The following definition and results of this subsection are freely col-
lected from Section 3 in [Bri4].
Set
G˜ = G×GDm
with GDm being the torus with character group Z
D ∼= Pic(X).
Define the total coordinate ring of X as
R(X) = ⊕(nD)D∈ZDH
0(X,OX(
∑
D∈D
nDD)).
This is a ZD-graded finitely generated k−algebra. Further
X˜ := SpecR(X)
is a factorial spherical G˜-variety.
Proposition 6 (Proposition 3.11 in loc. cit.). (i) The canonical sec-
tions of the boundary divisors Dσ (σ ∈ ΣX) of X from a regular se-
quence in R(X) and generate freely the ring of invariants R(X)G.
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(ii) The general fibers of the quotient morphism
π : X˜ → Spec(R(X)G)
are isomorphic to the spherical G× (H/H♯)◦-variety Spec
(
k[G/H♯]
)
.
Consider the action of T on X˜ given by the homomorphism
T → GDm, t 7→ (ωD(t))D∈D.
Recall the definition of the fD’s with D ∈ D (after Definition 4).
Theorem 7 (Theorem 3.2.3 in loc. cit.). There is an isomorphism of
(G× T )-algebras
R(X) ∼= ⊕λ,µk[G/H
♯](λ)e
µ
where the sum runs over the dominant weights λ ∈ Λ+ and characters
µ of T such that µ − λ is a linear combination of spherical roots of
X with non-negative coefficients; the right-hand side is a subalgebra of
k[G× T ].
This isomorphism identifies the canonical section of any boundary
divisor Dσ with e
σ and that of any color D of X with fDe
ωD .
2. Spherical systems
The following objects were introduced by Luna in [Lu3] and have
been inspired by Wasserman’s classification of rank 2 wonderful vari-
eties.
Definition 8. A spherical root of G is the spherical root of a rank 1
wonderful G-variety.
Wonderful G-varieties of rank 1 are by definition 2-orbit varieties
whose closedG-orbit is 1-codimensional; they were classified by Akhiezer
in [A] (see also [Bri3]). The spherical roots of G are explicitly listed
in [W]; see Appendix B.1 for recollection.
Definition 9. Let Sp be a set of simple roots of G, Σ a set of spherical
roots of G andA an abstract set equipped with a pairing c : A×Σ→ Z.
The triple (Sp,Σ,A) is called a spherical system of G if it satisfies the
following axioms.
(A1) c(D±α , σ) ≤ 1 for every α ∈ Σ ∩ S and σ ∈ Σ; with equality only
if σ ∈ S.
(A2) For any α ∈ Σ ∩ S, define A(α) = {D ∈ A : c(D,α) = 1}. Then
A(α) is of cardinality 2 and A is the union of these sets.
(A3) c(D−α , σ) + c(D
+
α , σ) = (α
∨, σ) for every α ∈ S ∩ Σ and σ ∈ Σ
along with A(α) = {D±α }.
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(Σ1) (α∨, σ) ∈ 2Z≤0 for every σ ∈ Σ \ {2α} and α ∈ S ∩
1
2
Σ.
(Σ2) (α∨, σ) = (β∨, σ) for every σ ∈ Σ and α, β ∈ S orthogonal and
such that α + β ∈ Σ.
(S) For each σ ∈ Σ, the data Sp and σ are those of a rank 1 wonderful
G-variety.
Definition 10. A spherical system is spherically closed if for each of
its spherical roots σ, Axiom (S) holds for Sp and 2σ only if σ ∈ S.
Remark 11. Axiom (S) hence also the property of being spherically
closed can be formulated in a purely combinatorially way; see Appen-
dix B.1 for details.
2.1. Set of weights associated to a spherical system. The pur-
pose of this subsection is to attach to any spherical system S =
(Sp,Σ,A) of G, a set of linearly independent characters (ωD, χD) of
T × C for some group C.
2.1.1. These characters are indexed by a finite set ∆, the set of colors
of S . The set ∆ is defined as follows (see [Lu2]). Set
Sa = S ∩
1
2
Σ and Sb = S \ (Sp ∪ (S ∩ Σ) ∪ Sa) .
The sets Sp, (S ∩Σ) and Sa are pairwise disjoint thanks to the axioms
(S) and (Σ1).
If α and β are orthogonal simple roots whose sum is an element of
Σ, write α ∼ β. Define now
∆ := A ⊔ Sa ∪ Sb/ ∼ .
In the remainder, we shall denote the elements α of ∆ \A rather by
Dα.
2.1.2. Let ωα denote the fundamental weight associated to the simple
root α.
Given D ∈ ∆, we define (after [F])
ωD =

∑
α:D∈A(α) ωα if D ∈ A
2ωα if D = Dα with α ∈ S
a∑
α:Dα=D
ωα otherwise
.
Note that these weights may not be pairwise distinct: in case α ∈ S∩Σ,
the weight ωα may occur twice, as shown right below – but not more
(since A(α) is of cardinality 2).
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Example 12. The variety X = P1 × P1 equipped with the diagonal
action of SL2 is wonderful of rank 1. Its spherical root is the simple
root of SL2 and the set S
p
X is empty. This yields naturally a spherical
system with A of cardinality 2. The set ∆ of colors thus equals A and
the associated weights ωD are all equal to the fundamental weight ωα.
2.1.3. We now introduce some additional characters χD indexed by ∆
(see also [Lu2] and Lemma 3.2.1 with its proof in [Bri4]).
Given D ∈ ∆ and σ ∈ Σ, let us define (after [Lu2])
aσ,D =

c(D+α , σ) if D = D
+
α
c(D−α , σ) if D = D
−
α
1
2
(σ, α∨) if D = Dα with α ∈ S
a
(σ, α∨) for the remaining D = Dα
.
The spherical roots in Σ are linearly independent characters of T ;
see Lemma 45 for a proof. Let Grm be the torus whose character group
is spanned freely by the set Σ and let G∆m be the torus with character
group Z∆. Consider the morphism
ϕ : G∆m → G
r
m : (tD)D∈∆ 7→
(∏
D∈∆
t
aσ,D
D
)
σ∈Σ
.
Let C be its kernel; it is a diagonalizable group.
Define the character χD as the restriction to C of the D-component
character
εD : (tD)D∈∆ 7→ tD.
Lemma 13. The characters (ωD, χD) of T×C are linearly independent.
Further they satisfy the following equalities
(1) (σ, 0) =
∑
D∈∆
aσ,D(ωD, χD) for all σ ∈ Σ.
Proof. By definition of the weights χD, we have
∑
D∈∆ aσ,DχD = 0 for
every σ ∈ Σ. Given α ∈ S, we have (ωD, α∨) = 0, 1 or 2. Further,∑
D∈∆ aσ,D(ωD, α
∨) consists of at most two non-trivial terms. Specifi-
cally, we have for all σ ∈ Σ
∑
D∈∆
aσ,D(ωD, α
∨) =

0 if α ∈ Sp
aσ,D+α + aσ,D−α if α ∈ S ∩ Σ
2aσ,Dα if α ∈ S
2a
aσ,Dα otherwise
.
This together with the very definition of the scalars aσ,D implies the
equality (1).
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Consider now the morphism ψ : T × C → G∆m defined naturally by
the characters (ωD, χD). The composition ϕ ◦ ψ : T ×C → Grm is then
an epimorphism thanks to (1) along with the linear independence of
the spherical roots in Σ (Lemma 45). The morphism ψ is thus in turn
an epimorphism. The linear independence of the characters (ωD, χD)
follows. 
The set of characters (ωD, χD) will be referred in the remainder as
the set of weights associated to S .
2.2. Relations with wonderful varieties. Recall the notation set
up in Section 1.
2.2.1. For a given wonderful G-variety X , the third invariant previ-
ously associated to X may be refined. Instead of the whole set DX of
colors, we take the following subset AX of it. Let α ∈ S and Pα be
the corresponding minimal parabolic subgroup of G containing B. Let
DX(α) denote the set of colors D of X such that Pα.D 6= D. The set
AX is defined as the union of the DX(α)’s where α ∈ ΣX . As third in-
variant for X , we take the set AX and the pairing on AX×ΣX defined
by the integers aσ,D indexed by ΣX ×AX .
Theorem 14 ([Lu3]). Suppose G is of adjoint type, i.e. the center of G
is trivial. The triple (SpX ,ΣX ,AX) associated to a wonderful G-variety
X is a spherical system of G.
Conjecture 15 ([Lu2]). Suppose G is of adjoint type. The map which
assigns to any wonderful G-variety X the triple (SpX ,ΣX ,AX) defines
a bijection between the set of isomorphism classes of wonderful G-
varieties and the set of spherical systems of G.
We will prove this conjecture in Section 4.2.
2.2.2. Thanks to the results obtained in Section 3 of [Lu2] as well as
Lemma 3.2.1 (and its proof) in [Bri4], we have:
Proposition 16. Let X be a wonderful G-variety. The set of (B×H)-
weights of the equations fD (D ∈ DX) is the set of weights associated
to the spherical system SX of X. Further, the diagonalizable group C
attached to SX is the group H/H
♯.
Finally, let us mention that the set of colors of a wonderful variety
X coincides with that of its spherical system.
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3. Invariant Hilbert schemes
3.1. Definition. The definitions and results stated in this section are
taken from [AB] except that they are formulated in a more general
setting in loc. cit.. One may consult also the survey [Bri5].
Let λ1, . . . , λs be linearly independent weights in Λ
+. Denote by λ
the corresponding s-tuple and by Γ the submonoid of Λ+ spanned by
the λi’s. Set
V := V (λ∗1)⊕ . . .⊕ V (λ
∗
s).
Definition 17. Given a scheme S, a family X of closed G-subschemes
of V over S of type Γ is a closed G-subscheme of V × S such that
(1) the projection π : X → S is G-invariant;
(2) the sheaf Fλ := (π∗OX )Uλ of OS-modules is invertible for every
λ ∈ Γ and 0 otherwise.
With the preceding notation, the sheaf π∗OX is isomorphic (as an
(OS ×G)-module) to ⊕λ∈ΓFλ ⊗ V (λ); see Lemma 1.2. in loc. cit.
Remark 18. Since no confusion can arise, S denotes throughout this
section a scheme and not the set of simple roots as stated previously.
Theorem 19 (Theorem 1.7 in [AB]). The functor which assigns to
any scheme S the set of families of closed G-subschemes of V over S
of type Γ is representable by a quasi-projective scheme, the invariant
Hilbert scheme HilbGΓ (V ).
In particular, HilbGΓ (V ) contains as closed point the G-variety X0 =
X0(λ) given by the G-orbit closure within V of
vλ∗ = vλ∗1 + . . .+ vλ∗s
where vλ∗i stands for a highest weight vector in V of weight λ
∗
i . Note
that X0 is a spherical G-variety thanks to the criterion recalled in Sec-
tion A.2.1. More generally, any closed point of HilbGΓ (V ) is a spherical
G-variety.
A subvariety of V is called non-degenerate if its projection onto
V (λ∗i ) is non-trivial for every i = 1, . . . , s.
Theorem 20 ([AB]). The non-degenerate irreducible subvarieties of V
which can be regarded as closed points of HilbGΓ (V ) are parameterized
by a connected affine open subscheme HilbGλ of Hilb
G
Γ (V ).
Remark 21. Theorem 20 gathers several results of [AB] together.
Specifically, since the weights λi are assumed to be linearly indepen-
dent, HilbGλ can be identified to the so-called moduli scheme MΓ of
multiplicity-free varieties with weight monoid Γ; see Corollary 1.17 in
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[AB] or Example 4.8 in [Bri5]. We do not recall the intrinsic definition
of MΓ since it will not be used explicitly. Further by Theorem 2.7 in
[AB], MΓ is affine and connected.
3.2. Toric action. Let Z(G) be the center of G. We recall briefly how
the action of the adjoint torus Tad := T/Z(G) on Hilb
G
λ is defined; see
Section 2.1 in [AB] for details.
Consider a family π : X → S of closed G-subschemes of V of type
Γ. Let Z(G) act on X × T by z.(x, t) = (z.x, z−1t). Then
X˜ = (X × T )/Z(G)
is a scheme equipped with an action of G. The morphism π × id :
X × T → S × T descends to a morphism
π˜ : X˜ → (S × T )/Z(G) = S × Tad.
Moreover, we have an isomorphism of G−OS ⊗ k[Tad]-modules
π˜∗OX˜ ≃ ⊕λ∈Λ+(π∗OX )(λ)e
λ ⊗k k[Tad].
Consider the action of G on V (λ) × Tad given by: g.(v, s) = (gv, s)
and the action of T on V (λ)× Tad via
(2) t.(v, s) = (w0(λ)(t)t
−1v, ts).
Set
G := (G× T )/Z(G).
Let X = V (λ). With the notation set up above, the G-schemes X˜ and
V (λ)×Tad turn out to be isomorphic and in turn so are V˜ and V ×Tad.
The scheme(X˜ , π˜) thus defines a family of closed G-subschemes of
V of type Γ over S × Tad. Applying this construction to the universal
family, one obtains a morphism of schemes
a : Tad × Hilb
G
Γ (V )→ Hilb
G
Γ (V ).
Theorem 22 (Proposition 2.1/ Theorem 2.7 in [AB]). The morphism
a defines an action of Tad on Hilb
G
Γ (V ) and this action stabilizes Hilb
G
λ .
Furthermore under this action, HilbGλ contracts to X0. In particular,
X0 is the unique fixed point of Tad in Hilb
G
λ .
Remark 23. Similarly as Theorem 20, the two last assertions of The-
orem 22 involves the identification of HilbGλ with MΓ.
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3.3. Tangent space. Let Gvλ∗ be the isotropy group in G of vλ∗ and
let g be the Lie algebra of G. Note that Gvλ∗ stabilizes g.vλ∗ whence
an action of Gvλ∗ on the normal space V/g.vλ∗ .
Consider the action of the adjoint torus Tad on the scheme Hilbλ
recalled in Subsection 3.2. Since X0 is a Tad-fixed point for this action,
the tangent space TX0Hilb
G
λ of Hilb
G
λ at X0 carries obviously a Tad-
module structure on TX0Hilbλ. In the following, we refer to this module
structure.
Moreover, we consider the normalised action of the adjoint torus Tad
on V , that is the action naturally induced by that defined in (2). This
action commutes with the action of G on V and induces in particular
an action of Tad on (V/g.vλ∗)
Gvλ∗ .
Proposition 24 (Proposition 1.13 and 1.15 in [AB]). Let NX0/V denote
the normal sheaf of X0 in V .
(i) The tangent space TX0Hilb
G
λ is canonically isomorphic to the in-
variant space H0(X0,NX0/V )
G.
(ii) The restriction map H0(X0,NX0/V )
G → H0(G.vλ∗ ,NX0/V )
G yields
an injection of Tad-modules
TX0Hilb
G
λ →֒ (V/gvλ∗)
Gvλ∗ .
(iii) If the boundary X0 \ G.vλ∗ is of codimension at least 2 then the
above injection is an isomorphism of Tad-modules.
In the next proposition, we adopt the following notation. Given a
Tad-weight vector [vγ ] of (V/g.vλ∗)
Gvλ∗ of weight γ, let sγ denote the
corresponding section in H0(G.vλ∗ ,NX0/V )
G that is,
sγ(vλ∗) = [vγ].
Let ρ1, . . . , ρs form the basis dual to λ
∗
1, . . . , λ
∗
s. For each λ
∗
i , we write
λˆ∗i for the (s − 1)-tuple given by all the λ
∗
k but λ
∗
i . The set of simple
roots α which are orthogonal to every λ∗k without exception (resp. but
λ∗i ) is denoted by λ
∗⊥ (resp. λˆ∗i
⊥
).
Proposition 25. Let [vγ ] be a Tad-weight vector of (V/g.vλ∗)
Gvλ∗ of
weight γ with vγ ∈ ⊕kV (λ∗k)λ∗k−γ.
(1) If ρi(γ) ≤ 0 for all i = 1, . . . , s such that λ∗
⊥ = λˆ∗i
⊥
then the
section sγ extends to X0.
(2) Let ρi(γ) > 0 for some i = 1, . . . , s such that λ
∗⊥ = λˆ∗i
⊥
. If
further the projection of vγ onto ⊕k 6=iV (λ∗k) does not belong to
g.vλˆ∗i
then sγ does not extend to X0.
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Proof. This proof has been inspired by the content of Section 3 in [PVS].
First, one should note that the section sγ extends to X0 if and only if
sγ extends to the union of all 1-codimensional G-orbits of X0. Further,
the 1-codimensional G-orbits of X0 are given by the G-orbit closures
within V of the vectors vλˆi with λi satisfying the condition λ
∗⊥ = λˆ∗i
⊥
.
If necessary, see e.g. loc. cit. for details. Consequently, to define an
extension of sγ to X0, it suffices to define sγ(vλˆ∗i
) for all such λi.
Moreover, since vλˆ∗i
belongs to the T -orbit closure of vλ∗ , to prove
the proposition, we shall consider limn→∞ s(tnvλ∗) for any sequence of
elements tn of T such that
lim
n→∞
tnvλ∗ = vλˆ∗i
with λ∗⊥ = λˆ∗i
⊥
.
In particular, limn→∞ λi(tn) = 0.
Let tn ∈ T . We have: sγ(tnvλ∗) = tnsγ(vλ∗) since sγ is G-invariant.
We thus have:
sγ(tnvλ∗) =
[∑
k
(λ∗k − γ)(tn)v
λ∗
k
γ
]
∈ V/Ttnvλ∗X0.
Recall that γ ∈ ⊕kZλ∗k.
Let (tn)n be any sequence as above. If ρi(γ) ≤ 0 then limn→∞ sγ(tnvλ∗)
exists in V and it is independent of the choice of (tn)n; the first assertion
thus follows.
Let ρi(γ) > 0. By assumption, there exists k 6= i such that v
λ∗
k
γ 6= 0.
It follows that limn→∞(λ
∗
k − γ)(tn)v
λ∗
k
γ does not exist in V and neither
does limn→∞ sγ(tnvλ∗). This concludes the proof of the second asser-
tion. 
3.4. Invariant infinitesimal deformations. For local studies pur-
poses (e.g. smoothness of HilbGλ ), we shall need to consider the functor
of invariant infinitesimal deformations of X0
DefGX0 : A → (Sets)
where A denotes the category of local Artinian k-algebras. Given A ∈
A, we define DefGX0(A) as the set of Cartesian diagrams
X0 −−−→ Xy y
Spec(k) −−−→ Spec(A)
with X → Spec(A) being a family of closed G-subschemes of V of type
Γ.
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By Theorem 20 (see also e.g. Section 2.2 in [S]), the functor DefGX0
is representable by the completion OˆHilbGλ ,[X0].
3.5. Obstruction space. First, let us recall (see for instance [S]) the
definition and the main properties of the obstruction space of a covari-
ant functor F : A → (Sets).
Given A ∈ A, let Ex(A, k) denote the A-module of isomorphism
classes of k-extensions of A by k. An element [(A˜, ϕ)] of Ex(A, k) is
thus represented by an exact sequence
(3) (A˜, ϕ) : 0 −−−→ kε −−−→ A˜
ϕ
−−−→ A −−−→ 0 with ε2 = 0.
Definition 26. A k-vector space v(F) is called an obstruction space
for the functor F if for every object A of A and every ξ ∈ F(A), there
exists a k-linear map
ξv : Ex(A, k)→ v(F)
with the following property: ker(ξv) consists of the isomorphism classes
of extensions (A˜, ϕ) such that ξ ∈ Im(F(A˜)
F(ϕ)
→ F(A)).
If the functor F has a trivial obstruction space then the functor F
is smooth, i.e. F(p) : F(B) → F(A) is surjective for every surjection
p : B → A of A.
3.5.1. Let B0 be the coordinate ring of X0 ⊂ V . Following Section
3.1.2 in loc. cit, we recall the definition of the second cotangent module
T 2B0 of B0.
Take a presentation of the ideal I ⊂ Sym(V ∗) of X0 as Sym(V ∗)−G-
module
0 −−−→ R −−−→ F
φ
−−−→ I −−−→ 0
where F is a finitely generated free Sym(V ∗)-module.
Consider the module K ⊂ R of trivial relations: K is generated
by the relations φ(ei)ej − φ(ej)ei with e1, . . . , en being a basis of the
Sym(V ∗)-module F . We thus get the exact sequence of B0-modules
R/K → F ⊗ B0 → I/I
2 → 0.
Apply HomB0(−, B0) to the last exact sequence then the second
cotangent module T 2B0 of B0 is defined by the exact sequence
HomB0(I/I
2, B0)→ HomB0(F⊗B0, B0)→ HomB0(R/K,B0)→ T
2
B0 → 0.
The second cotangent module of B0 is independent of the presentation
of I. Moreover, it is supported on the singular locus of X0.
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3.5.2. As proved in [S], T 2B0 is an obstruction space for the functor of
deformations of X0. From this, we shall derive an invariant version of
this statement and give a representation theoretic characterization of
(T 2B0)
G.
For any weights λ 6= ν in Λ+, denote
V (λ) · V (ν) = V (λ)⊗ V (ν) and V (λ) · V (λ) = S2 V (λ).
For any 1 ≤ i, j ≤ s, let
mi,j : V (λ
∗
i ) · V (λ
∗
j )→ V (λ
∗
i + λ
∗
j)
be the natural projection onto the Cartan component V (λ∗i + λ
∗
j) in
V (λ∗i ) · V (λ
∗
j) and
Ki,j = ker(mij) ≃ V (λ
∗
i ) · V (λ
∗
j )/V (λ
∗
i + λ
∗
j ).
Then the duals K∗i,j generate the ideal I of X0; see [KR] for instance.
In the following, we take the presentation of I/I2 as B0−G-modules
given by
(4) R/K → ⊕i,jB0 ⊗K
∗
i,j → I/I
2 → 0;
see loc. cit..
Let vi denote the projection of v ∈ V onto V (λ∗i ). The assignment
V → ⊕i,jV (λ
∗
i ) · V (λ
∗
j), v 7→
∑
i,j
vi · vλ∗j
yields obviously a map
f : V/g.vλ∗ → ⊕i,jKi,j.
Proposition 27. (i) The G-invariant space (T 2B0)
G of the second cotan-
gent module of B0 is an obstruction space for Def
G
X0
.
(ii) There is an injection of (T 2B0)
G into the kernel of the map
H1(f) : H1(Gvλ∗ , V/g.vλ∗)→ ⊕i,jH
1(Gvλ∗ , Ki,j)
induced by the map f .
(iii) If the boundary X0 \G.vλ∗ is of codimension at least 2 in X0 then
the aforementioned injection is an isomorphism.
Proof. The proof of the first assertion is essentially the ”invariant ver-
sion” of the classical one.
Let A be a local Artinian k-algebra and ξ ∈ DefGX0(A). By Propo-
sition 3.1.12 in [S], there exists a k-linear map ξˆ : Ex(A, k) → T 2B0
satisfying the property of the definition of an obstruction space with
F being the functor of deformations of X0. Accordingly, we only need
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to prove that the image of ξˆ is G-invariant. This follows from the very
definition of ξˆ that we recall now.
Let I = (f1, . . . , fn) ∈ Sym(V ∗) denote the ideal of X0 then B0 =
Sym(V ∗)/I. By definition, the given element ξ can be regarded as a
G-stable ideal J of Sym(V ∗) ⊗k A generated by elements F1, . . . , Fn
such that fi − Fi ∈ (mASym(V
∗)) where mA stands for the maximal
ideal of A. Thanks to the flatness of Sym(V ∗)⊗kA/J over A, for every
relation r = (r1, . . . , rn) ∈ R, there exist R1, . . . , Rn in Sym(V ∗) ⊗k A
such that ri = Ri modulo (mASym(V
∗)) and
∑
iRiFi = 0.
Take [(A˜, ϕ)] ∈ Ex(A, k) and an exact sequence (3) as a representa-
tive.
Let F˜i (resp. R˜i) be a lifting of Fi (resp. Ri) through ϕ for i =
1, . . . , n. Then
∑
i R˜iF˜i belongs to Sym(V
∗)ε and may be regarded as
an element of Sym(V ∗). As shown in loc. cit., the assignment
r 7→
∑
i
R˜iF˜i
thus defines an element of Hom(R,B0) and yields naturally an element
of T 2B0 : the element ξˆ under consideration.
(ii) Let Nλ be the normal sheaf of G.vλ. Note that Ki,j⊗kOX0 (resp.
(R/K)∗ ⊗B0 OX0) is the dual sheaf HomOX0 (K
∗
i,j ⊗k OX0 ,OX0) (resp.
HomOX0 (R/K ⊗B0 OX0 ,OX0)).
First note that sinceX0 is normal (being spherical as observed in Sec-
tion 3.1), the sheaf (R/K)∗⊗B0OX0 is reflexive and in turn the restric-
tion map H0(X0, (R/K)
∗ ⊗B0 OX0) → H
0(G.vλ∗ , (R/K)
∗ ⊗B0 OG.vλ∗ )
is injective.
From the presentation (4) of I/I2, we obtain the diagram:
0y
H0(X0, (R/K)
∗ ⊗OX0) −−−→ T
2
B0
−−−→ 0y y
H0(G.vλ∗ , (R/K)
∗ ⊗OG.vλ∗ ) −−−→ H
1(G.vλ∗ ,Nλ∗) −−−→ H1(G.vλ∗ ,⊕i,jKi,j ⊗OG.vλ∗ )
Note that the last row of the above diagram follows from the fact that
the second cotangent module T 2B0 is supported on the singular locus of
X0, the latter being contained in X0 \G.vλ∗ .
The normal sheaf Nλ∗ being the G-linearized sheaf on G/Gvλ∗ asso-
ciated to the Gvλ∗ -module V/g.vλ∗ , we have (see I.5 in [Jt]):
H1(G.vλ∗ ,Nλ∗)
G = H1(Gvλ∗ , V/g.vλ∗)
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and similarly
H1(G.vλ∗ ,⊕i,jKi,j ⊗OG.vλ∗ )
G = ⊕i,jH
1(Gvλ∗ , Ki,j).
The second assertion thus follows.
(iii) Since the codimension X0 \ G.vλ∗ in X0 is ≥ 2, the vertical
injection of the above diagram becomes an isomorphism whence the
last assertion of the proposition.

Corollary 28. If (T 2B0)
G is trivial then HilbGλ is smooth.
Proof. As already recalled, if (T 2B0)
G is trivial then the functor of in-
variant deformations of X0 is smooth; the latter being represented by
OˆHilbG
λ∗
,[X0]
, HilbGλ∗ is smooth at X0. Since X0 is the unique closed point
of HilbGλ∗ fixed by Tad (Theorem 22), the assertion follows. 
4. Geometrical construction of wonderful varieties
Throughout this section, S = (Sp,Σ,A) denotes a spherical system
of a simply connected semisimple group G.
Let ∆ be the set of colors of S . Recall the definition of the diagonal-
izable subgroup C ⊂ G∆m as well as the set of characters λD = (ωD, χD)
(with D ∈ ∆) of T × C – both canonically associated to S . Set
G˜ = G× C◦ and V = ⊕D∈∆V (λD)
∗ .
Note that by the definition of the weights χD, the action of C on V
is the diagonal action given by
t.vD = tDvD for vD ∈ V (λ
∗
D) and t = (tD)D ∈ C.
4.1. Invariant Hilbert scheme attached to a spherical system.
As proved in Lemma 13, the weights λD are linearly independent hence
we may consider the relative invariant Hilbert scheme HilbG˜λ with
λ = (λD)D∈∆.
In order to keep track of the datum S , let us denote the scheme HilbG˜λ
rather by Hilb(S ). Further, put
v∆∗ = vλ∗ =
∑
D∈∆
vλ∗
D
.
Remark 29. When the third datum of a spherical system is empty
(i.e. S ∩ Σ = ∅), the invariant Hilbert scheme associated to the group
G itself and to V as a G-module falls in the case studied in [Js, BC1].
Further, it maps naturally to Hilb(S ).
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Theorem 30. The Tad-module (V/g˜.v∆∗)
G˜v∆∗ is multiplicity-free. Its
weights are the opposites of the elements of some set Σ(∆) such that
Σ ⊂ Σ(∆) ⊂ Σ∪{α + α′ : α, α′ adjacent (distinct) simple roots in Σ} .
Proof. This stems from Proposition 59. 
Corollary 31. The tangent space TX0Hilb(S ) is a multiplicity-free
Tad-module; its Tad-weights are the opposites of the spherical roots of
S .
Proof. Recall the notation set up in Section 31. Let γ ∈ Σ(∆). Thanks
to Proposition 24 and Theorem 30, it suffices to prove that every sec-
tion sγ ∈ H0(G.vλ,NG.vλ/V ∗) can be extended to G.vλ ⊂ V
∗ if and
only if γ ∈ Σ. This desired assertion will be obtained by applying
Proposition 25.
Let λD be such that λˆD
⊥
= λ⊥. Then by the properties of the
weights λD (see Appendix B.2), (λD, β) 6= 0 for β ∈ S only if β ∈ Σ.
It follows that (λD, γ) 6= 0 only if Suppγ ∩ Σ 6= ∅.
Moreover, by Axiom (A1) of spherical systems (Definition 9), we
have: c(D, γ) ≤ 0 for every γ ∈ Σ \ S. Consequently, γ satisfies the
condition of the first assertion of Proposition 25, and in turn, sγ extends
to a section of X0.
Let γ = α + α′ ∈ Σ(∆) \ Σ. Note that γ is a positive root of G
since (α, α′) < 0 by Theorem 30. To be definite, let thus (γ, α) > 0.
By Lemma 61, vγ can be chosen in V (λ
+)⊕ V (λ−) with λ± being the
weights in ∆ which are non-orthogonal to α. Since (γ, α) > 0, we
can assume: c(λ+, γ) > 0. Finally, since α, α′ ∈ Σ, there are at least
three weights λD non-orthogonal to γ (Lemma 47). The weights γ and
λ+ thus satisfy the conditions of Proposition 25-(ii). This statement
implies that sγ can not extend to X0.
Let γ = α ∈ S ∩ Σ. As explained in the first paragraph of the proof
of Proposition 59, we can choose vα to be equal to X−αvλD for some
λD. Further, c(D,α) = 1 by Axiom (A1) of spherical systems. We can
thus follow the arguing of the proof of Proposition 25-(i) to conclude
that sα extends to X0. 
Theorem 32. The obstruction space (T 2X0)
G˜ for the functor Def G˜X0 of
invariant infinitesimal deformations of X0 is trivial.
Proof. Thanks to Proposition 27, it suffices to prove that the map
H1(f) displayed therein is injective. The latter is obtained in Appen-
dix C.4. 
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Corollary 33. The scheme Hilb(S ) is isomorphic to an affine space
where the adjoint torus of G acts linearly with weights equal to the
opposites of the spherical roots of S .
Proof. Thanks to Theorem 32, Def G˜X0 is trivial and in turn Hilb(S )
is smooth by Corollary 28. Being also connected (by Theorem 20),
Hilb(S ) is irreducible hence consists of a single Tad-orbit closure. To
sum up, Hilb(S ) is a smooth toric Tad-variety which is affine (Theo-
rem 20) and has with a single fixed point (Theorem 22) hence it is an
affine space by Luna’s Slice Theorem. 
Corollary 34. Let X be a wonderful G-variety with total coordinate
ring R(X) and spherical system SX . If SX is spherically closed then
the quotient morphism
π : SpecR(X)→ Spec (R(X)G)
can be regarded as the universal family of Hilb(SX).
Proof. By Proposition 6-(ii) together with Proposition 16, the fibers
over closed points of SpecR(X)G can be regarded as closed points
of Hilb(SX). This, together with the universal property fulfilled by
Hilb(SX), implies the existence of a morphism ι : SpecR(X)
G →
Hilb(SX). The fibers of π being pairwise distinct, the morphism ι is
injective. But, Hilb(SX) and SpecR(X)
G both equal the affine space
of dimension r with r being the number of spherical roots of X ; see
Theorem 33 and Proposition 6-(i) respectively. The morphism ι is thus
an isomorphism. 
4.2. The wonderful variety attached to a spherical system. Let
r denote the number of spherical roots of S and let X1 be a closed
point of Hilb(S ) whose Tad-orbit is dense.
Consider the (universal) family over Hilb(S ) ≃ Ar
X univ
π
−−−→ Ar.
Then the coordinate ring R(S ) of X univ ⊂ V × Ar is isomorphic as a
(G˜× Tad)-algebra to
R(S ) = ⊕λ∈N∆k[X1]λe
λ ⊗ k[eσ : σ ∈ Σ];
see the recalls made in Section 3.2. Here eλ with λ ∈ N∆ stands for
the character eω in k[T ] whenever λ = (ω, χ).
According to our previous observations (made before Theorem 20),
the G˜-variety X1 is spherical and so is the (G˜×T )-variety X univ. In the
next statement, we describe, in particular, the spherical roots of X univ;
one may consult Appendix A for terminology and related notation used
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below (e.g. the definition of the spherical roots of a spherical, non
necessarily wonderful, G-variety).
Proposition 35. (i) The set of spherical roots of the (G˜× T )-variety
X univ coincides with the set Σ.
(ii) The colors of X univ are indexed by the set ∆. More specifically, a
color D of X univ has an equation in R(S ) which can be identified to
the weight vector vλDe
λD ⊗ 1 of R(S ).
Proof. First, by Proposition 2.13 in [AB] (along with Remark 21), the
monoidMX1 of X1 is the weight monoid of the Tad-orbit closure of X1.
Thanks to Corollary 33, the submonoidMX1 of Ξ(T ) is spanned by Σ.
Finally by the characterization of the spherical roots recalled in Ap-
pendix A and the fact that S is spherically closed, the spherical roots
of X1 (hence of X univ) are exactly the elements of the given set Σ.
The second assertion is obtained following the procedure stated in
Section A.2.2, which enables to derive the set of colors of any affine
spherical variety from the spherical roots and the weight monoid of
this variety. In particular, we get that the (B×C◦×T )-weights of the
colors of X univ are given by the (λD, εD); εD being the D-component
character of T . 
Let X˚ univ be the open subset of X univ defined as follows
X˚ univ = {x ∈ X univ : G˜.x is open in π−1π(x)}.
Lemma 36. (i) The elements of X˚ univ are the elements of X univ ⊂ V ×
Ar which project non-trivially onto each simple G˜-submodule V (λD)
∗
of V .
(ii) We have: X˚ univ = G˜.(X univ \ ∪∆D).
Proof. Thanks to Theorem 20, every fiber π−1π(x) is a non-degenerate
spherical G˜-subvariety of V . The first assertion of the lemma thus
follows.
From the previous proposition, the equation fD in R(S ) of a color
D ∈ ∆ can be identified to the weight vector vλDe
λD⊗1 in R(S ). Take
y = (v, s) ∈ V ×Ar. If fD(y) 6= 0 then clearly vλD(v) 6= 0. Conversely, if
y projects non-trivially onto each V (λD)
∗ then there exists g ∈ G˜ such
that the projection of g.v on each weight space V (λ∗D)λ∗D is not trivial.
Equivalently, vλD(g.v) 6= 0 for each D ∈ ∆. The second assertion of
the lemma follows. 
Recall that the dominant weights λD are linearly independent (see
Lemma 13). The group GL(V )G˜ is thus isomorphic to the algebraic
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torus G∆m of dimension equal to the cardinality of ∆. The (Tad × C)-
action on V via t 7→ (λ∗D(t))∆ yields naturally a G
∆
m-action on V : the
componentwise multiplication.
Note that the open set X˚ univ is G∆m-stable.
Theorem 37. The quotient
X(S ) = X˚ univ/G∆m
exists and is geometric; it is a wonderful G-variety with spherical sys-
tem S .
Proof. By means of Lemma 36-(i), we get that G∆m acts freely on
X˚ univ whence the existence of a geometric quotient X˚ univ/G∆m; see e.g.
in [MF].
To prove that X(S ) is a wonderful G-variety, we shall apply the
criterion recalled in Proposition 5.
First, note that the G-variety X(S ) is spherical since so is the (G×
G∆m)-variety X˚
univ.
Moreover, by the very definition of the action of Tad on Hilb(S )
along with Theorem 22, X(S ) has a unique closed G-orbit, namely
(G×G∆m).v∆∗/G
∆
m.
The inclusion X˚ univ ⊂ ⊕D∈∆ (V (λD)∗ \ {0}) × Ar (Lemma 36-(i))
gives raise to a G˜-equivariant morphism
X˚ univ
ϕ
−−−→ ⊕D∈∆ (V (λD)∗ \ {0}) .
The morphisms ϕ and π yield a finite (hence proper) morphism from
X(S ) to the multiprojective space
∏
∆ P (V (ωD)
∗). The variety X(S )
is thus complete.
Fix a color D of X˚ univ. From Proposition 35, we know that D is
contained in the preimage under ϕ of the hyperplane (vλD = 0). Fur-
ther, as observed in the proof of Lemma 36, the G˜-orbits of (vλD = 0)
project trivially onto V (λ∗D). Consequently, D contains no G˜-orbit.
The (G × G∆m)-variety X˚
univ is thus toroidal and so is X˚ univ/G∆m as a
G-variety.
Let P be the parabolic subgroup of G×G∆m stabilizing the colors D
in ∆ and P u be its unipotent radical. Thanks to the Local Structure
Theorem (see Theorem 2.3 as well as Proposition 2.4.1 in [Bri3]) applied
to the toroidal spherical (G×G∆m)-variety X˚
univ, there exists an affine
toric (T × G∆m)-variety W within X˚
univ \ ∪∆D such that the natural
morphism
P u ×W → X˚ univ \ ∪∆D
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is an isomorphism. Note that X˚ univ\∪∆D = X univ\∪∆D by Lemma 36-
(ii).
Considering the quotient morphism X univ → Spec(R(S )G) ≃ Ar, we
get that the (G×G∆m)-stable prime divisors of X
univ correspond to the
G∆m-stable prime divisors of A
r. All these divisors are thus principal;
their equations are given by the eσ’s with σ ∈ Σ. Since X univ is a
spherical (G×G∆m)-variety, the colors and the (G× G
∆
m)-stable prime
divisors of this variety generate its divisor class group; see Section 5.1
in [Bri3]. Consequently, X univ \ ∪∆D is factorial and in turn so are
P u ×W and W .
The affine variety W being toric and factorial, it is smooth (see for
instance Proposition 2.4.6 in [CLS]) hence so is X˚ univ. As already
observed G∆m acts freely on X˚
univ, the variety X˚ univ/G∆m is thus smooth
also; see [MF].
In the remainder of the proof, set X = X(S ). Recall the definition
of the spherical system SX of X from Section 1. As shown, the closed
G-orbit of X is (G × G∆m).v∆/G
∆
m. By definition, S
p
X is thus given by
the simple roots of G which are orthogonal to every ωD, D ∈ ∆, that
is Sp itself thanks to Lemma 46. From the above discussion along with
Proposition 35, it follows readily that ΣX = Σ and DX can be identified
with ∆. Specifically the spherical system of X is S .

Corollary 38. Luna’s conjecture is true: to any spherical system S
of an adjoint semisimple algebraic group G, there corresponds a unique
(up to G-isomorphism) wonderful G-variety whose spherical system is
S .
Proof. It suffices to consider spherical systems which are spherically
closed; see Section 6 in [Lu3]. The existence part is given by the
previous theorem whereas the uniqueness part stems for Corollary 34.

Appendix A. Basic material on spherical varieties
Let G be a connected reductive algebraic group. We fix a Borel
subgroup Bof G and a maximal torus T ⊂ B. The corresponding set
of simple roots (resp. dominant weights) is denoted by S (resp. Λ+).
We choose a scalar product (·, ·), on the real characters Ξ(T )⊗Z R of
T , invariant under the Weyl group of G relative to T .
A.1. Birational invariants. Some of the invariants associated to a
wonderful G-variety can also be assigned to any spherical G-variety X .
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In particular, one defines similarly the set DX of colors of X as the
set of B-stable not G-stable prime divisors of X .
To introduce the set of spherical roots of an arbitrary spherical G-
variety, we set up further notation. Let Λ(X) be the set of B-weights
of the B-eigenvectors C(X)(B) of the function field C(X) of X . Set
Λ(X)∗ := Hom(Λ(X),Q). Let VX denote the set of G-stable prime
divisors of X .
Define
ρX : DX ∪ VX → Λ(X)
∗
by setting
ρX(D)(γ) = vD(fγ)
with vD being the B-invariant normalised valuation of D and fγ the
B-eigenvector of C(X) of weight γ (uniquely determined up to a scalar
since X has a dense B-orbit).
In case X is wonderful, the elements of VX are given by the boundary
divisors Di of X . Set XB = X \ ∪DXD. Then C(X)
(B) (resp. Λ(X))
is freely generated by the equation fi ∈ k[XB] (resp. spherical roots σi
of X) of XB ∩Di. And, the ρX(Di)’s form a basis of the abelian group
Λ(X)∗ dual to the basis given by the σi’s.
From this perspective, one may define the set ΣX of spherical roots
of an arbitrary spherical variety X as follows. Let VX be the set of G-
invariant discrete Q-valued valuations of C(X). As shown in [Bri3], one
may regard VX in Λ(X)
∗ and VX is a simplicial convex cone in Λ(X)
∗.
The set ΣX is thus defined as the set of primitive linearly independent
elements of Λ(X) such that VX is the dual cone of −ΣX .
A.2. Affine case. Throughout this subsection, X denotes an affine
spherical G-variety.
A.2.1. There exists another characterization of ΣX , as follows.
Let k[X ] be the algebra of regular functions of X . Let Λ+(X) denote
the weight monoid of X , that is the submonoid of Λ+ given by the
highest weights of k[X ]. Since X is affine, Λ(X) = ZΛ(X)+. Further,
we have the following characterization
(5) Λ+(X) = {γ ∈ Λ(X) : ρX(D)(γ) ≥ 0 for every D ∈ DX ∪ VX}.
First, let us recall the following criterion (see [Bri5] for a survey). An
affine G-varietyX is spherical if and only if Λ(X)∩Q+Λ
+(X) = Λ+(X)
and k[X ] is multiplicity-free as a G-module, that is, every simple G-
module occurs in k[X ] at most once.
Let λ, µ and ν be in Λ+(X) and such that V (ν) ⊂ V (λ)V (µ) - the
product being taken in k[X ]. LetMX be the monoid generated by the
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λ+ µ− ν’s in Λ+⊗Z R. Then ZMX ∩Q+MX is freely generated by a
subset of spherical roots of G which is proportional to the set ΣX ; see
Theorem 1.3 in [K2] and Section 4 in [Bri3].
A.2.2. Let us recall from Section 10.1 in [Ca], how one can derive the
weights of the colors of X from Λ+(X) along with ΣX .
Like in case of a wonderful variety (see 2.2.1 in the body text), one
defines the sets DX(α) for each α ∈ S. Let DX(ΣX ∩S) be the union of
the DX(α)’s where α ∈ ΣX . By [Lu2], the set DX is entirely determined
by DX(ΣX ∩ S).
Specifically, in case α 6∈ ΣX , DX(α) contains at most one element
and DX(α) ∩ DX(β) is not empty only if α + β is a spherical root of
X of type A1 × A1. The B-weight of an element of one such DX(α) is
thus well-determined.
Further, the sets ΣX and DX(ΣX ∩ S) satisfy the axioms A of a
spherical system with DX(ΣX ∩ S) playing the role of A, DX(α) that
of A(α) and ρX that of the pairing c. In particular, if α ∈ ΣX then
DX(α) contains exactly two colors. Further, by Axiom (A2), the whole
set ρX(DX(α)) is determined only by one of its elements.
Finally, let SpX be the set of simple roots α such that DX(α) is empty.
Then the triple (SpX ,ΣX ,DX(ΣX ∩ S) is a spherical system of G; note
that this assertion is the part of Theorem 2 in [Lu3] which is valid for
any group G. In particular, by means of Axiom (S) along with (5),
one can extract the colors (hence their B-weights) not contained in
DX(ΣX ∩ S).
To sum up, to obtain ρX(DX) from the only data Λ+(X) and ΣX ,
it remains to characterize only one of the elements of each ρX(DX(α))
for α ∈ ΣX ∩ S. This step is achieved by the following statement.
Lemma 39 (Lemma 10.1 in [Ca]). Let α ∈ S ∩ ΣX . Then one of the
elements of ρX(DX(α)) defines a face of Λ(X)
+.
As a sake of convenience, let us recall Camus’ proof of this lemma.
Proof. We proceed by contradiction. Then by the characterization (5)
of Λ+(X), we have Λ+(X) = {γ ∈ Λ(X) : ρX(D)(γ) ≥ 0 for every D ∈
VX ∪ DX \ DX(α)}. On the other hand, by Axiom (A2), we have
ρX(D)(α) ≤ 0 for every color D of X not in DX(α). Further, since
α ∈ ΣX , the inequality ρX(D)(α) ≤ 0 holds for every D ∈ VX ; recall
the definition of ΣX given in the previous subsection. Accordingly, we
get γ ∈ Λ+(X) but this is absurd since −α is not dominant. The
lemma follows. 
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Appendix B. Combinatorics related to spherical systems
Given any linear combination β =
∑
nαα of simple roots, the sup-
port Suppβ of β is defined as the set of simple roots α such that nα 6= 0.
B.1. Spherical roots: list and properties. In the table below, we
recollect from [W] the list of spherical roots.
A spherical root is by definition a spherical root of some group G.
The latter appears in loc. cit. to be either a positive root of G or a sum
of two positive roots of G. The support of any given spherical root σ
thus defines a root system whose type is referred below as the type of
σ; we label the simple roots of this root system according to Bourbaki
notation. Note that these simple roots are also simple roots of G.
Type of σ σ
A1 × A1 α1 + α
′
1
Ar α1 + . . .+ αr
2α1 (r = 1)
α1 + 2α2 + α3 (r = 3)
Br, r ≥ 2 α1 + . . .+ αr
2α1 + . . .+ 2αr
α1 + 2α2 + 3α3 (r = 3)
Cr, r ≥ 3 α1 + 2α2 + . . .+ 2αr−1 + αr
Dr, r ≥ 4 2α1 + . . .+ 2αr−2 + αr−1 + αr
F4 α1 + 2α2 + 3α3 + 2α4
G2 α1 + α2
2α1 + α2
4α1 + 2α2
Lemma 40. (i) Let σ be a spherical root of G and α be in the support
of σ. Then (σ, α) ≥ 0 unless α = α1 and σ = α1 + α2 is of type G2.
Further, if (σ, α) > 0 then σ − α is a root of G.
(ii) Let σ and α be two spherical roots of the same spherical system of
G. Suppose α ∈ Suppγ. Then either σ is of type A1, Cr or G2. In the
latter case, α and σ are as in (i).
Proof. The statement (i) follows readily from the list of spherical roots.
To prove (ii), we shall make use of Lemma 42. Let (Sp,Σ,A) be the
spherical system under consideration. First note that if σ 6∈ S then the
axioms (A2) and (A3) imply that (σ, α) ≤ 0 and in turn (σ, α) = 0 by
(i), unless σ is of type G2 as stated therein. Thanks to the compatibility
condition fulfilled by (Sp, α), we get that the simple roots adjacent to α
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do not belong to Sp. We now apply the compatibility condition fulfilled
by (Sp, σ). We thus obtain that the support of σ is of cardinality at
most 2 or σ is of type Cr. We get also that, in type A2 and G2 with σ
not as in (i), the root α belongs to Sp since (σ, α) = 0. Therefore these
cases have to be ruled out. The lemma follows. 
Definition 41 ([BP], 1.1.6). Let Sp be a subset of S and σ be a
spherical root of G. The couple (Sp, σ) is compatible if
Spp(σ) ⊂ Sp ⊂ Sp(σ)
where Sp(σ) is the set of simple roots orthogonal to σ and Spp(σ) is
one of the following sets
- Sp(σ) ∩ Supp(σ) \ {αr} if σ = α1 + . . .+ αr is of type Br,
- Sp(σ) ∩ Supp(σ) \ {α1} if σ is of type C,
- Sp(σ) ∩ Supp(σ) otherwise.
Lemma 42 (loc.cit.). Let Sp be a subset of S and σ a spherical root
of G. Then the data Sp and σ are those associated to a wonderful
G-variety if and only if (Sp, σ) is compatible.
By Axiom (S) in the definition of a spherical system, we shall refer
to the aforementioned compatibility condition as well as Axiom (S).
Definition 43. (i) A spherical root σ of G is loose if σ equals either
the root α1 + . . .+ αn of type Bn or the root 2α1 + α2 of type G2.
(ii) A spherical system is spherically closed if it does not contain any
loose spherical root.
Remark 44. The above definition of a spherically closed spherical
system coincides with that stated in Definition 10.
Lemma 45. The spherical roots of any spherical system of G are lin-
early independent characters in Λ(T )⊗Z R.
Proof. We shall show that (σ, σ′) ≤ 0 for every pairwise distinct spher-
ical roots σ, σ′ of a given spherical system of some group G. Since
any spherical root is a sum of positive roots of G, there exists a domi-
nant weight non-orthogonal to all spherical roots under consideration.
The lemma thus follows from a well-known result about vectors in an
Euclidian space with non-positive pairings.
Fix σ and σ′ as above. First note that if one of these spherical
roots is equal to 2α (of type A1), then the desired inequality is given
by Axiom (Σ1). We shall exclude this case in the remainder. If the
supports of σ and σ′ do not intersect, then (σ, σ′) ≤ 0 obviously holds.
Then let α be in both supports. One may suppose further that α 6∈ Sp;
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otherwise the lemma is clear thanks to Axiom (S). By Lemma 40, we
have (σ, α) ≥ 0.
If (σ, α) = 0 then σ is of type either Br or Cr. Further, by Axiom (S)
we have α = αr and α = α1 respectively together with σ = α1+ . . .+αr
(up to 2) in the former case. Suppose that α = αr; the other case may
be handled similarly. Since α lies in the support of σ′ also, we get from
the above table that σ′ is of type either Br or A1 × A1. In the latter
case, we have (σ, σ′) = (σ, α+ α′) which equals 2(σ, α) by Axiom (Σ2)
hence it is 0 by assumption. If both σ and σ′ are of type Br then their
supports are included in one another. This is impossible by Axiom
(S) and the assumption of non-proportionality on the set of spherical
roots.
It remains to consider the case where (σ, α) > 0 and (σ′, α) > 0 for
all α in Suppσ ∩ Suppσ′. First, note that neither σ nor σ′ is a simple
root of G. Since σ, σ′ can not be proportional, we get from the table
along with (S) that their supports are not equal. To be definite, let
β be in the support of σ but not in that of σ′. We can choose (and
we do) β such that it is not orthogonal to Suppσ ∩ Suppσ′ hence β is
adjacent to some α as above.
We have: (σ, β) ≥ 0 and also (σ′, β) < 0 hence by Axiom (S), β 6∈ Sp.
If (σ, β) > 0 we get σ = α + β (of type A2). Applying again Axiom
(S), we obtain that σ′ is a root of G equals to α + β ′ with β ′ 6= β a
simple root of G. The desired inequality follows obviously. The case
(σ, β) = 0 may be worked out by similar arguments. 
B.2. Properties of the weights attached to a spherical system.
Given a simple root α of G, we denote its associated fundamental
weight by ωα and its co-root by α
∨. Recall that α∨ corresponds to
2α/(α, α) under the identification of the Lie algebra of T and its dual
via the Killing from (·, ·) of G.
Fix a spherical system S = (Sp,Σ,A) of G and let ∆ be its set of
colors.
If α and β are orthogonal simple roots whose sum is an element of
Σ, write α ∼ β. Recall that
∆ = A ∪ S ′/ ∼ with S ′ = S \ ((S ∩ Σ) ∪ Sp).
In the remainder, we denote the class of α ∈ S ′ in S ′/ ∼ by Dα.
We shall abuse notation by denoting the set of weights
λD = (ωD, χD) with D ∈ ∆
associated to S also by ∆.
Recall that the λD’s are weights of T × C with C being the diago-
nalizable group associated to S . Further, the weights ωD are defined
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as follows:
ωD =
{
2ωα if D = Dα with 2α ∈ Σ∑
α ωα with D ∈ A(α) or D = Dα with α ∈ S
′ \ 1
2
Σ
.
Given λ ∈ ∆, we shall write ωλ instead of ωD if λ = λD. With this
convention, we set
(λ, α) := (ωλ, α).
The following lemma gathers some straightforward properties of the
elements of ∆.
Lemma 46. (1) α ∈ Sp if and only if (λ, α) = 0 for all λ ∈ ∆.
(2) Let α ∈ S \ Sp. Then there are at most two λ ∈ ∆ non-
orthogonal to α. There exists a unique one if and only if α 6∈ Σ.
(3) Suppose (λ, α) · (λ, α′) 6= 0. Then either α ∼ α′ or α, α′ ∈ Σ.
In particular, α ∈ Σ if and only if α′ ∈ Σ.
(4) If A = ∅ then the weights ωD are linearly independent.
Proof. We need to prove only the last item; the other assertions follow
readily from the very definition of the set of colors ∆ and the weights
ωD. Then let A = ∅. Note that ∆ can be identified with (S \ Sp)/ ∼
and that the assignment D 7→ ωD yields a bijection between the set of
colors ∆ and the set of weights ωD. Thanks to (2), we have further:
(λ, α) · (λ′, α) = 0 for all λ 6= λ′ ∈ ∆ and all α ∈ S.
This implies the linear independence of the weights ωD. 
Lemma 47. The weights λ in ∆ satisfy the following properties (for
any disctinct α, α′ ∈ S).
(1) (λ, α∨) ≤ 2;
(2) if (λ, α∨) = 2 then ωλ = 2ωα and (λ
′, α) = 0 for all λ′ 6= λ in
∆;
(3) if (λ, α) · (λ, α′) 6= 0 then either ∆ is a singleton or there exists
λ′ ∈ ∆ such that (λ′, α) · (λ′, α′) = 0;
(4) if (λ, α) · (λ′, α) 6= 0 with λ′ 6= λ in ∆ then (λ, α′) 6= 0 implies
that (λ′, α′) = 0.
Proof. The first item as well as the first assertion of the second item
follow readily from the definition of the ωD’s. In particular, if (λ, α
∨) =
2 for λ ∈ ∆ then 2α ∈ Σ. Thanks to the aforementioned lemma, we
obtain the second item.
Now if (λ, α) · (λ, α′) 6= 0 then either α ∼ α′ or both α and α′ belong
to Σ (by Lemma 46). If α ∼ α′ then (λ′, α + α′) = 0 for all λ′ 6= λ
in ∆, thanks to (2) of Lemma 46. In case α, α′ ∈ Σ, suppose there
exists λ′ ∈ ∆ different from λ and non-orthogonal to α. By definition
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of the ωD’s, one may thus assume (to be definite) that λ = λD+α and
λ′ = λD−α . Since λ is assumed to be non-orthogonal to α
′, we have
further: c(D+α , α
′) = 1. In another hand, applying Axiom (A3) with
σ = α′, we get: c(D−α , α
′) 6= 1 and in turn (λ′, α′) = 0.
Finally, again by Lemma 46-(2), if (λ, α) · (λ′, α) 6= 0 with λ 6= λ′
then α ∈ Σ. By the arguments used to prove the third item, we obtain
the last assertion of the lemma. 
Lemma 48. Let α, α′, δ and δ′ be pairwise distinct simple roots not
in Sp. Suppose (α, α′) · (δ, δ′) 6= 0 and (δ, α) = 0. If ∆ contains more
than two elements then one of its elements is orthogonal to α + α′.
Proof. We proceed by contradiction: Suppose (λ, α + α′) 6= 0 for all
λ ∈ ∆.
By Lemma 46-(1), there exists an element λδ ∈ ∆ which is not
orthogonal to δ. By hypothesis, (λδ, α) 6= 0 or (λδ, α′) 6= 0.
Suppose first that neither α nor α′ are in Σ. To be definite, let
(λδ, α) 6= 0 then by Lemma 46-(3), α ∼ δ. Similarly, one gets that α
′ ∼
δ′. The set ∆ thus contains only λδ and λδ′ – whence the contradiction.
Let α ∈ Σ now. If (λδ, α) 6= 0 then δ ∈ Σ. If (λδ, α′) 6= 0 then
either α′ ∼ δ or α′, δ ∈ Σ by Lemma 46-(3). Since (α, α′) 6= 0 = (α, δ),
Axiom (Σ2) prevents α′ + δ from being in Σ hence α′, δ ∈ Σ. Now
by Lemma 46-(2), there exists λ′δ 6= λδ ∈ ∆ non-orthogonal to δ. By
Lemma 47-(4), λδ or λ
′
δ has to be orthogonal to α hence non-orthogonal
to α′ by assumption. We get in turn that α′ ∈ Σ. Analogously, one
proves that δ′ ∈ Σ. Finally, the orthogonality of α and δ together with
Axiom (A3) yield the contradiction.
If α′ ∈ Σ, one proves similarly that α, δ, δ′ ∈ Σ and concludes as
previously. 
Appendix C. Computations of cohomology groups
In this appendix, we assume the reader is familiar with the notions
and properties of spherical systems, their colors and their weights. If
not, please consult Section 2 and Appendix B.
Let G be a simply connected semisimple complex algebraic group
and T be a maximal torus of G. We denote the set of roots of G
relative to T by Φ. Fix a Borel subgroup B of G containing T and let
S (resp. Λ+) be the set of simple roots of G relative to B and T (resp.
of dominant weights).
For each α ∈ Φ, we choose a root vector Xα, that is a T -weight vector
of weight α in the Lie algebra g of G. We denote the co-root of α by
α∨. Recall that α∨ corresponds to 2α/(α, α) under the identification
of the Lie algebra of T and its dual using the Killing form (·, ·) of G.
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Given a finite dimensional G-module V , a weight vector (resp. the
weight space) in V of weight µ (µ a character of T ) is denoted by vµ
(resp. Vµ).
Let
V = ⊕si=1V (λi)
be the decomposition of V into irreducible G-modules. We set
vλ = vλ1 + . . .+ vλs .
Let Tad be the adjoint torus of G, namely the quotient of T by the
center of G. In the sequel, we consider the normalized action of Tad on
V , that is the action of Tad naturally induced by setting
t.v = λi(t)t
−1v if v ∈ V (λi).
Remark that the Tad-weights of V are thus the opposites of those of
the dual V ∗ acted on by Tad as stated in Section 3.2.
In the remainder, we fix a spherical system S = (Sp,Σ,A) of G.
Let C be the diagonalizable subgroup associated to S and C◦ be its
identity-component. We denote the set of weights (or equivalently of
colors) of S by ∆. Let λD be the weight associated to the color D ∈ ∆.
Set
G˜ = G× C◦
and
V (∆) = ⊕D∈∆V (λD),
that is the G˜-module whose highest weights are the λD’s. Further, let
v∆ = vλ if V = V (∆).
C.1. Auxiliary lemmas. For convenience, we shall recall the follow-
ing statements.
Lemma 49. ([BC1, Proposition 3.4]) Suppose that the dominant weights
λ1, . . . , λs are linearly independent and generate a monoid Γ such that
ZΓ∩Λ+ = Γ. Let γ be a Tad-weight of (V/g.vλ)
Gvλ . If δ ∈ Suppγ such
that γ − δ 6∈ Φ then (γ, δ) ≥ 0. Further if (γ, δ) = 0 then (λi, δ) = 0
for every λi.
Remark 50. (i) The weights associated to a spherical system of G
whose third datum is the empty set fulfill the assumptions of the pre-
ceding lemma; see Lemma 46. Specifically, the second and the last
assertions of this lemma imply that ZΓ ∩ Λ+ = Γ.
(ii) We will generalize Lemma 49 in Proposition 54.
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Lemma 51. Let γ belong to the Z-span of the λi’s. Let L ⊃ T de-
note the Levi subgroup associated to the set Suppγ and W be the L-
submodule of V generated by vλ. Then as Tad-modules,
(V/g.vλ)
Gvλ
γ
∼= (W/l.vλ)
Lvλ
γ .
Proof. This is a slight generalization of Lemma 3.5 in [BC1]. 
Lemma 52. Keep the assumptions of the preceding lemma.
(i) The Tad-module (V/g.vλ)
Gvλ is multiplicity-free and its set Σ(λ) of
Tad-weights is a set of non-loose spherical roots of G.
(ii) The set of simple roots orthogonal to λ1 + . . . + λs together with
Σ(λ) and the empty set form a spherical system of G.
(iii) Let x be a Tad-weight vector of (V/g.vλ)
Gvλ . Then one of the
representatives v ∈ V of x can be taken in some simple G-submodule
V (λ) of V and such that
[v] ∈ (V (λ)/g.vλ)
Gvλ or v = X−γvλ.
In particular, if v = X−γvλ then the Tad-weight γ of x is a root and
(V (λ)/g.vλ)
Gvλ is trivial.
Proof. The first assertion of the preceding lemma gathers the assertions
of Theorem 3.1 and Theorem 3.10 in [BC1]; the second one is stated in
Theorem 4.1 in loc. cit. whereas the last assertion was obtained while
proving Theorem 3.10 in loc. cit. 
Lemma 53. Let γ be a spherical root of G. Suppose γ is neither a
loose spherical root nor a simple root of G and consider S ′ such that
(S ′, γ) is compatible. Further, let V be the G-module whose highest
weights are the dominant weights ωD associated to the spherical system
(S ′, {γ}, ∅). Then γ is a Tad-weight of (V/g.vλ)
Gvλ .
Proof. Note that (S ′, {γ}, ∅) is indeed a spherical system since γ 6∈ S.
Recall that γ lies in the Z-span of the ωD’s by Lemma 13. One may
thus assume that the support of γ coincides with the whole set S by
Lemma 51. By the very definition of the weights ωD together with the
compatibility condition (S), one sees that there are at most two such
weights.
Assume first there are two weights ωD and ωD′. Then these weights
are fundamental (Lemma 46). Further, from the table of spherical
roots, one can derive the following properties: γ is a root, γ ± α is not
a root whenever α ∈ Sp and finally if α 6∈ Sp and γ is not of type Cr
then the support of γ − α does not contain α. It follows that if γ is
not of type Cr then X−γvωD (or X−γvωD′ ) gives raise obviously to a
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Tad-weight vector in (V/g.vλ)
Gvλ . We postpone the Cr-case to the very
end.
In case of a single weight λ = ωD, we fall in the setting considered
by Jansou in [Js]. Thanks to Proposition 1.6 in loc. cit., (V/g.vλ)
Gvλ
is one-dimensional. The action of T on V , induced by G, descends to
(V/g.vλ)
Gvλ . By Proposition 1.8 in loc. cit., the corresponding weight
is either 0 or −λ; Proposition 1.9 in loc. cit. identifies precisely the
weight according to λ. Equivalently, the corresponding Tad-weight of
the normalized action is either λ or 2λ. Again by the definition of the
weight ωD, one sees that γ is either equal to λ or 2λ.
We are left with the following case: γ is of type Cr and there are
two weights ωD. Note that these weights are the fundamental weights
ω1 and ω2. Then taking λ = ω2, we get as just recalled a Tad-weight
vector [vγ] of weight γ in (V (λ)/g.vλ)
Gvλ . Take vγ in V (λ)λ−γ . Then
easy computations show that vγ gives raise to a Tad-weight vector in
(V/g.vλ)
Gvλ with V = V (ω1)⊕ V (ω2). 
The following proposition is the announced generalization of Lemma 49.
Proposition 54. Let V = V (∆) and [vγ] ∈ V/g.vλ be a Tad-weight
vector of weight γ. Let α, δ ∈ S be orthogonal with δ in the support of
γ. Suppose that γ − δ 6∈ Φ and that
[Xβvγ ] = 0 for all positive root β different from α.
If further γ ∈ Z∆ or γ + α ∈ Z∆ then (γ, δ) ≥ 0. Moreover, if
(γ, δ) = 0 then (λ, δ) = 0 for every λ ∈ ∆.
We shall make use of the following lemmas to prove this proposition.
Lemma 55. Under the assumptions of Proposition 54, there exists a
positive root ν ∈ Φ different from α such that Xνvγ is not trivial.
Proof. Since [vγ ] 6= 0, vγ is not a highest weight vector in V and in
turn there exists β ∈ Φ positive such that Xβvγ 6= 0. In case Xβvγ 6= 0
only if β = α, the weight vector vγ is a linear combination of vectors
of shape Xr−αvλ (λ ∈ ∆, r ∈ N). The weight γ thus equals α (up to a
scalar); this contradicts the existence of δ ∈ Suppγ with δ 6= α made
in the assumptions. 
Lemma 56. Under the assumptions of Proposition 54, the following
holds.
(1) γ is a sum of two positive roots.
(2) The support of γ contains a simple root adjacent to δ.
Proof. The first assertion follows readily from the previous lemma.
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To prove the second assertion, one may notice that if the supports
of γ − δ and δ are orthogonal then γ can be written as a sum of two
positive roots only if γ− δ itself is a root - whence a contradiction. 
Lemma 57. Let [vγ] ∈ V/g.vλ be a Tad-weight vector of weight γ with
vγ ∈ ⊕λiV (λi)λi−γ. Suppose there exists a positive root β such that
(γ, β) > 0 and Xβvγ ∈ g.vλ. Then for all λi orthogonal to β, the λi-
component vλiγ of vγ is equal to X−γvλi (up to a scalar independent of
λi). In particular, on may choose vγ such that v
λi
γ = 0 for all such λi.
Proof. Let λ = λi be orthogonal to β. First note that (λ − γ, β) <
0. It follows that Xβv
λ
γ 6= 0 whenever v
λ
γ 6= 0. By hypothesis, we
have also that Xβvγ = X−γ+βvλ (up to a scalar). Therefore, if v
λj
γ
is trivial for some λj orthogonal to β then so are all the other λk-
components of vγ with λk orthogonal to β. Moreover we get from
the aforementioned equality that X−βXβvγ = X−βX−γ+βvλ (up to a
scalar). The λ-component of the left hand side equals vλγ (up to a scalar
aλ) whereas that of the right hand side equals 0 or X−γvλ. Finally, one
should remark that the scalar aλ does not depend on λ because of the
very first equality. The lemma thus follows. 
Lemma 58. Keep the assumptions of the previous lemma and take vγ
such that vλiγ = 0 for all λi orthogonal to β. Suppose that Xνvγ ∈
g.vλ \ {0} for some simple root ν and there exists δ in the support of
γ such that γ − δ 6∈ Φ. Then (λ, δ) 6= 0 implies (λ, β) 6= 0 for every
highest weight λ of V .
Proof. Note that γ − ν has to be a root hence the roots δ and ν are
different. It follows that δ lies in the support of γ − ν and in turn
vλiγ 6= 0 for every λi non-orthogonal to δ. The lemma thus follows from
the choice of vγ. 
Let us now proceed to the proof of Proposition 54.
Proof. We proceed by contradiction: suppose (γ, δ) ≤ 0 and (λ, δ) 6= 0
for some λ ∈ ∆.
Note that if (γ, δ) 6= 0 then the second assumption is automatically
satisfied. Indeed, since (α, δ) = 0 we have (γ + α, δ) 6= 0 and in turn,
there exists λ ∈ ∆ non-orthogonal to δ because γ ∈ Z∆ or γ+α ∈ Z∆.
Let δ′ ∈ Suppγ be adjacent to δ; such a root exists thanks to
Lemma 56-(2).
Assume first there exists β ∈ S, β 6= α such that (γ, β) > 0. Note
that β 6= δ by assumption. For such a fixed β, we apply Lemma 58 and
we get: (λ, δ)(λ, β) 6= 0. Further we take vγ as in loc. cit.. Thanks to
Lemma 47-(4), we obtain that δ ∼ β and in particular (β, δ) = 0. It
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follows that the roots β, δ and δ′ are pairwise distinct. Since β+δ ∈ Σ,
it is in the Z-span of ∆ by Lemma 13 hence every simple root adjacent
to δ or β does not belong to Sp.
Let ν ∈ Φ be positive, different from α and such thatXνvγ 6= 0. Such
a root exists thanks to Lemma 55 and by assumption, Xνvγ = X−γ+νvλ
(up to a scalar). Further, Supp(γ − ν) \ {β, δ} ⊂ Sp. This inclusion
may be obtained as follows. Let η ∈ Supp(γ − ν) \ {β, δ}. If η 6∈ Sp
then there exists λ′ ∈ ∆ such that (λ′, η) 6= 0. The λ′-component of
Xνvγ is thus not trivial and in turn (λ
′, β + δ) 6= 0 by the choice of vγ.
We thus conclude by invoking Lemma 46-(2).
Note that ν 6= δ since γ − ν is a root but γ − δ is not. Recall also
that β 6= δ. Therefore, if ν ∈ S then the support of γ − ν contains δ
and at least one the roots β, δ′. But since γ − ν ∈ Φ and (β, δ) = 0,
the support of γ − ν has to contain a simple root adjacent to δ and
which is not in Sp as already remarked. This yields a contradiction
with Supp(γ − ν) \ {β, δ} ⊂ Sp.
It follows that Xνvγ = 0 for every simple root ν 6= α and in turn
α belongs to the support of γ. Note that α is different from β, δ and
δ′. Furthermore, Xα+α′vγ 6= 0 for some simple root α′ since as already
noticed in the proof of Lemma 55, the weight γ can not be a multiple of
α. Considering the support of ν−α−α′ and arguing as in the previous
paragraph, we get again a contradiction.
Assume now that (γ, β) ≤ 0 for every simple root β 6= α. If Xνvγ 6=
0 for a simple root ν 6= α then γ − ν is a root and so is γ since
(γ − ν, ν) < 0. The weight γ being a positive but non-simple root, we
must have (γ, α) > 0 and also (γ, α + α′) > 0 for some simple root α′
adjacent to α. If Xνvγ = 0 for every simple root ν 6= α then (as already
noticed)Xα+α′′vγ 6= 0 for some simple root α′′ adjacent to α and in turn
γ−α−α′′ is a root. If γ 6∈ Φ then obviously (γ, α+α′′) > 0 otherwise as
just remarked this inequality holds also, possibly with another simple
root adjacent to α. In any case, we can thus apply Lemma 58 and we
get: (λ, δ) · (λ, α+α′) 6= 0 for some simple root α′ adjacent to α. Note
that the roots α, α′ and δ are distinct and they do not belong to Sp
(by assumption and similar arguments used in the first case). If further
all the roots α, α′ and δ and δ′ are distinct, we get a contradiction by
means of Lemma 48. We are thus left with γ of support consisting only
of the roots α, δ and δ′ (hence α′ = δ′). Straightforward considerations
yield the desired contradiction.

C.2. Computations in degree 0. From now on, the spherical system
S is assumed to be spherically closed and V = V (∆).
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Let Σ(∆) denote the set of Tad-weights of (V/g˜.v∆)
G˜v∆ .
Proposition 59.
(i) Σ(∆) ⊂ Z∆.
(ii) Σ ⊂ Σ(∆) ⊂ Σ ∪ {α + α′ : (α, α′) 6= 0 and α, α′ ∈ S ∩ Σ} .
(iii) The Tad-module (V/g˜.v∆)
G˜v∆ is multiplicity-free.
Remark 60. This proposition does not hold in general.
(i) Let us drop the requirement of being spherically closed for the
spherical system. Take for instance the spherical system with Σ be-
ing given only by the loose spherical root γ = α1 + . . . + αr of type
Br. Then an easy computation shows that 2γ belongs to the related
set Σ(∆) but γ itself does not.
(ii) Consider the spherical system (∅, {α1 + α2, α3 + α4}, ∅) with G of
type A4. If we regard V just as a G-module then the Tad-weights of
(V/g.v∆)
Gv∆ are α1 + α2, α2 + α3 and α3 + α4. But the Σ(∆) does not
contain (α2 + α3, 0), the latter not being in the integral span of the
λD’s.
Before proceeding to the proof of the preceding proposition, let us
state and prove a consequence of this latter statement.
Proposition 61. Let γ = α+α′ ∈ Σ(∆)\Σ and [vγ ] be the correspond-
ing Tad-weight vector. Then there exists a representative vγ of [vγ ] such
that vλγ 6= 0 if and only if (λ, α) 6= 0.
Proof. Note that γ is a positive root since α, α′ are adjacent (distinct)
simple roots by Proposition 59.
Take vγ ∈ ⊕V (λD)λD−γ. To be definite, letXα′vγ 6= 0. Since Xα′vγ ∈
g.v∆, the components v
λD
γ are not trivial for λD non-orthogonal to α.
By Proposition 59, α, α′ ∈ Σ. Thanks to Lemma 47, we know that
there are three of four λD non-orthogonal to γ.
Assume first that there are four weights λD non-orthogonal to γ.
Then (λD, α)(λD, α
′) = 0 for all D by Lemma 47 and, in turn, vλDγ =
X−γvλD (up to a scalar). Since Xαvγ ∈ g.v∆ and Xα′vγ ∈ g.v∆, there
are either two of four non-trivial components of vγ . An appropriate
change of representative thus yields the desired representative of [vγ ].
Assume now that there are three weights λD non-orthogonal to γ
and vλDγ 6= 0 for all these weights λD. Invoking Lemma 47 again, we
obtain that two of these weights λ are such that (λ, α).(λ, α′) = 0 and
in turn, vλγ = X−γvλ (up to a scalar) hence by an appropriate change
of representative of [vγ ], we can conclude our investigation.

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Proof of Proposition 59. The first assertion of the proposition is obvi-
ous. Let us thus proceed to the proof of the two last assertions together.
Start with γ ∈ Σ. If γ 6∈ S then we can apply Lemma 53 to γ since
γ is not a loose spherical root by assumption. Then, in coordination
with Lemma 51, we get γ ∈ Σ(∆) as well as the multiplicity freeness for
the Tad-weightvectors with weight in Σ \ S. If γ ∈ S then there exist
two weights λD, say λ
−
αand λ
+
α , non-orthogonal to α by Lemma 46-
(ii). It follows obviously that α ∈ Σ(∆); the (unique) corresponding
Tad-weightvector is given by [X−αvλ+α ] = [X−αvλ−α ]. This proves that
Σ ⊂ Σ(∆).
Conversely, if α ∈ S is a weight in Σ(∆) then again by Lemma 46-
(ii), α ∈ Σ. Let Σ(∆)′ be the set of weights of Σ(∆) whose support
does not contain any element of Σ. Let SuppΣ(∆)′ denote the union
of the Suppγ’s with γ ∈ Σ(∆)′ and consider the related Levi subgroup
L of G and the L-module as in Lemma 51. Then by Remark 50-(i), we
fall in the setting of Lemma 49. By Lemma 52-(ii) and Lemma 45, it
follows that the elements of Σ(∆)′ are linearly independent characters
of T . Moreover, if γ ∈ Σ(∆)′ then (γ, 0) ∈ Z∆ by (i). By Lemma 13
(and its proof) along with the just proved linear independence of the
elements of Σ(∆)′ (which include that of Σ as already shown), we must
have γ ∈ Σ.
Let γ ∈ Σ(∆)\S whose support intersects Σ. Further, thanks to the
lemmas stated right below, there exist adjacent simple roots, say α and
α′ such that γ, γ−α, γ−α′ are all roots of G. By simple considerations
on roots, we get that γ equals α + α′ or γ is a spherical root of type
Cr. Invoking again Lemma 13, we obtain also that γ ∈ ZΣ. Finally,
from Propositon 54 along with the compatiblity condition shared by
the elements of Σ, it follows that γ ∈ Σ or α′ ∈ Σ.
In the following lemmas, γ and α are distinct weights in Σ(∆) with
α lying in the support of γ. Recall that α ∈ Σ as already shown in the
proof above. Let λ+α and λ
−
α denote the dominant weights in ∆ which
are not orthogonal to α.
Lemma 62. The character γ − α is a root of G.
Proof. Let us proceed by contradiction: suppose γ − α is not a root.
Since Xαvγ ∈ g.v∆, the vector Xαvγ is trivial. Moreover, by Propo-
sition 54, (γ, α) is strictly positive. By Lemma 57, the representative
vγ can be taken in V (λ
+
α ) ⊕ V (λ
−
α ). Since the vector vγ can not be a
highest weight vector of V , there exists δ in the support of γ such that
the vector Xδvγ 6= 0. It follows that γ−δ ∈ Φ. By similar arguments as
those used in the proof of Proposition 54, we get that γ belongs to the
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Z-span of α and δ. Simple considerations thus show that γ has to be a
root: a contradiction with γ − α non-being a root and (γ, α) > 0. 
Lemma 63. If γ 6∈ Φ then Xαvγ 6= 0 for a representative vγ of [vγ ] in
V (λ+α )⊕ V (λ
−
α ).
Proof. Thanks to Lemma 62, we know that γ − α is a root. This
together with γ not being a root imply that (γ − α, α∨) ≥ 0 hence
(γ, α) > 0. By the same arguments as those used in the proof of
Lemma 62, we get a contradiction whenever Xαvγ = 0. 
Lemma 64. The supports of α and γ − α are not orthogonal.
Proof. Let us proceed by contradiction. Then the weight vector vγ as
in Lemma 63 can be written as X−αvγ−α where vγ−α is a Tad-weight
vector of weight γ−α. In particular, vγ can be taken in V (λ+α )⊕V (λ
−
α ).
Furhter, Xαvγ is not trivial hence in g.v∆ \ {0}. Recall that α ∈ Σ∩S;
by means of Lemma 47-(4), we get a contradiction. 
Lemma 65. There exists a simple root α′ adjacent to α such that
γ − α′ ∈ Φ. In particular, α′ lies in the support of γ.
Proof. Note first that by the previous lemma, the support of γ contains
a simple root, say α′, adjacent to α.
Let us proceed by contradiction: suppose γ −α′ is not a root. Then
Xα′v
′
γ = 0 for any representative v
′
γ and (γ, α
′) > 0 by Proposition 54.
It follows that γ is not a root and we can choose a representative v′γ
such that its λD-components are trivial for every λD orthogonal to α
′.
By Lemma 63, Xαvγ 6= 0 and in turn Xαv′γ 6= 0 since γ 6∈ Φ. Therefore
the support of γ−α does not contain the root α (Lemma 47-(4)). This
together with the fact that α′ belongs to the support of γ imply the
inequality (γ − α, α) < 0. It follows that γ is a root since so is γ − α
by Lemma 62: a contradiction. 
Lemma 66. The weight γ is a root of G.
Proof. We first claim the following. Let α, α′ ∈ S be non-orthogonal
and δ ∈ Φ. If δ + α is not a root then neither is δ + α− α′.
Apply this claim to δ := γ − α which is a root as previously proved.
We get that if γ is not a root then neither is γ−α′ for any simple root
α′ adjacent to α. This yields a contradiction with Lemma 65. 
C.3. Computations in degree 1. In order to state the main theorem
of this section, we need to introduce some additional notation.
First recall that V = V (∆), the set Σ(∆) is defined as the set of
Tad-weights of (V/g˜.v∆)
G˜v∆ and that Sp denotes the set of simple roots
of G orthogonal to every λD in ∆.
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Given γ ∈ Σ(∆), we let [vγ] ∈ (V/g˜.v∆)
G˜v∆ be the Tad-weight vector
of weight γ (Proposition 59). Further, we choose a representative vγ of
[vγ] in ⊕λ∈∆V (λ)λ−γ. In case γ ∈ S, we consider the two possible such
representatives of [vγ ]: v
+
γ = X−γvλ+γ and v
−
γ = X−γvλ−γ where λ
±
γ are
the dominant weights in ∆ which are not orthogonal to γ.
For α ∈ S, let sα denote the reflection of the Weyl group of (G, T )
associated to α.
Given α, γ ∈ S with γ ∈ Σ(∆), we set
v±α∗γ =
{
0 if vsα(λ±γ −γ) = X−αX−γvλ±γ with (α, γ) = 0
vsα(λ±γ −γ) otherwise
.
Lemma 67. Let γ ∈ Σ \ S and suppose there are two distinct (up to
scalar) representatives of [vγ ] in ⊕V (λ)λ−γ. If further X−αvγ 6= 0 for
such a (hence every) representative of [vγ] then there exists α
′ ∈ S and
a unique representative of [vγ ] in ⊕V (λ)λ−γ such that (α′, α) < 0 and
Xα′vγ 6= 0.
Proof. This follows essentially from Lemma 53. 
Definition 68. For α ∈ S and γ ∈ Σ(∆) \ S, we set
vα∗γ =
{
vγ if γ 6∈ Σ
Xr−αvγ if γ ∈ Σ
.
In the latter, we let r = r(α, γ) be maximal such that Xr−αvγ 6= 0 and
in case X−αvγ 6= 0 we choose vγ as in Lemma 67.
We denote the Tad-weight of vα∗γ and v
±
α∗γ by α ∗ γ.
We consider in the remainder, the Tad-action on g˜
∗ ⊗ V/g˜.v∆ given
by the normalized action on g˜∗ and on V/g˜.v∆. This yields in turn a
Tad-action on the G˜v∆-module H
1(G˜v∆ , V/g˜.v∆) via (see [H])
H1(G˜v∆ , V/g˜.v∆) =
(
H1(g˜v∆ , V/g˜.v∆)
)G˜v∆/G˜◦v∆ .
For a given α ∈ S, let α˜ denote the longest root of G contained in
the connected component of α in Φ.
Theorem 69. We have an isomorphism of Tad-modules
H1(g˜v∆ , V/g˜.v∆)
G˜v∆ ≃
⊕
γ∈Σ(∆)∩S
α∈S\Sp
α∗γ−α˜+α∈Z∆
kX∗α ⊗ [v
+
α∗γ ] + kX
∗
α ⊗ [v
−
α∗γ ]
⊕
γ∈Σ(∆)\S
α∈S\Sp
α∗γ−α˜+α∈Z∆
kX∗α ⊗ [vα∗γ ].
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Remark 70. The vector X∗β ⊗ [v
(±)
α∗γ ] of g˜∗⊗V/g˜.v∆ has to be fixed by
G˜v∆ whence the condition stated above on its Tad-weight α ∗ γ− α˜+α.
Since γ is in the integral span of ∆, this yields in fact a condition just
on α˜ and α.
The proof of the above theorem requires the following proposition.
Proposition 71. Let ϕ ∈ H1(g˜v∆ , V/g˜.v∆) be a non-zero Tad-weight
vector. Then
Xβϕ(Xα) = 0
for every simple root α and every root β 6= α of the isotropy Lie algebra
g˜v∆.
Remark 72. The vanishing condition fulfilled by the vector ϕ(Xα) is
that stated in Proposition 54.
Proof of Theorem 69. Let ϕ ∈ (H1(g˜v∆ , V/g˜.v∆))
G˜v∆/G˜
◦
v∆ be a Tad-
weight vector. Let γ be the Tad-weight of ϕ(Xα) and vγ denote a
representative of ϕ(Xα) in ⊕λV (λ)λ−γ.
Remark that when α does not belong to the support of γ then by
Proposition 71, γ lies in Σ(∆). We shall thus assume in the remainder
of the proof that α does belong to the support of the Tad-weight γ and
that vγ is not equal to X
r
−αvλi - in which case the proposition is obvious.
We shall proceed along the type of the support of γ. Let us work out a
few cases in detail. The main ingredients of the proof are Proposition 54
and 71 along with the properties enjoyed by the dominant weights in
∆ (see section B.2). As a consequence of Proposition 71, the weight γ
can be written as a sum of two positive roots, say β1 and β2.
Consider first the case where the supports of the roots β1 and β2 are
orthogonal. Thanks to Proposition 54, the roots β1 and β2 have to be
simple. In virtue of Lemma 47, there is a single dominant weight, say λ,
which is neither orthogonal to β1 nor to β2. Thanks to Proposition 71,
γ ∈ Σ(∆).
Suppose now that the support of γ is of type An. If γ is not a
root, Proposition 54 and 71 yield: γ = αi−1 + 2αi + αi+1 with α = αi
and all the dominant weights λk are orthogonal to both αi−1 and αi+1.
Clearly, we thus have: [vγ] ∈ (V/g.v∆)
Gv∆ . If γ is now a root then one
gets: γ = αi + . . . + αj and α = αi (or αj) by Proposition 54. Since
(γ, αj) > 0, applying the above remark to αj , we get that either γ or
γ − α belongs to Σ(∆).
In case of type Bn, we obtain similarly as before that γ = αi+. . .+αn
or γ = 2(αi+. . .+αn) whenever α lies in the support of γ. Note that the
same arguments as for the case of a root γ of type A can be applied.
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Suppose thus γ is the weight 2(αi + . . . + αn). Then by the above
remark along with Proposition 54 and 71 we get: α = αi. Moreover all
simple roots, except αi and αi+1, in the support of γ are orthogonal to
the weights in ∆. Remark that αi+1 can not be orthogonal to S
p by
Whitehead lemma. From Lemma 47, we deduce that the fundamental
weight attached to αi (resp. αi+1) is the unique weight in ∆ non-
orthogonal to αi (resp. αi+1). It follows that γ − 2α ∈ Σ(∆).
The other types can be worked out similarly.
C.3.1. Proof of Proposition 71. For each α ∈ S, let sα denote the
associated simple reflection in the Weyl group of (G, T ).
Theorem 73 ([Ko]).
H1(gvλ , V (λ)) = ⊕αkX
∗
α ⊗ vsαλ as T -modules
where vsαλ is a weight vector in V (λ) of weight sαλ and α is a simple
root non-orthogonal to λ.
Let ϕ be a non-zero Tad-weight vector in H
1(gv∆ , V/g.v∆)
Gv∆/G
◦
v∆ .
Then there exist α ∈ S and a Tad-weight vector [vγ] in V/g.v∆ such
that ϕ(Xα) = [vγ ] 6= 0 and one can write ϕ as
(6) ϕ =
∑
β+ν=α+γ
X∗β ⊗ [vν ].
Further, note that the Tad-weight of ϕ is in Z∆.
Consider the short exact sequence of gv∆-modules
(7) 0 −→ g.v∆ −→ V −→ V/g.v∆ −→ 0
and the associated long exact sequence in cohomology.
In order to prove Proposition 71 we shall study separately the follow-
ing situations regarding the positive roots β whose support is contained
in that of γ: (γ, β) < 0; when γ−β is a root, we work out first the case
when α and the support Supp(β) of β are orthogonal and thereafter
the case when they are not; finally, we consider the roots β such that
γ − β is not a root and (γ, β) ≥ 0. In each situation, we shall end up
by means of general arguments with a list of few cases which can be
easily worked out.
Before dealing with different situations, note that the following lemma
holds in general.
Lemma 74. Let β ∈ be a positive root such that for any weight φ(α, β)
distinct to α in the integral span Φ(α, β) of α and β, γ − φ(α, β) is
neither a root nor trivial. Then there exists a representative vγ ∈ V of
ϕ(Xα) such that Xδvγ = 0 for every positive root δ ∈ Φ(α, β) distinct
to α, and for δ = −α.
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Proof. Let g(α, β) be the Levi subalgebra of g associated to the roots
α and β. Considering the aforementioned long exact sequence of coho-
mology restricted onto the Lie subalgebra
gv∆(α, β) := gv∆ ∩ g(α, β),
we get that ϕ maps trivially in H2(gv∆(α, β), V ). We thus conclude by
means of Theorem 73. 
C.3.2. Throughout this section, the support of β is contained in that
of γ and (γ, β) < 0.
The following lemma is obvious.
Lemma 75. The weight γ − β is not a root except if γ = 3α1+ 2α2 is
a root of type G2.
Corollary 76. If the roots α and β span a root system of type A1×A1
then Xβϕ(Xα) = 0.
Proof. The statement follows from the two preceding lemmas. 
Lemma 77. Suppose γ−α−β is a root. Then the following assertions
hold.
(1) The weight γ − α is a root.
(2) (β, α∨) = −1.
(3) The weight γ is one of the following:
(i) γ = β + 3α + 2(α+ + . . .+ αn−1) + αn in type Cn;
(ii) γ = . . .+ α− + 2α+ β with β = αn in type Bn;
(iii) γ = . . .+ β− + 2β + 2α with α = αn in type Cn;
(iv) γ = β + 2α with α = αn in type Cn.
Proof. The inequality (γ − α− β, β) < 0 yields the first assertion.
Since γ−α ∈ Φ, we have (γ−α, β∨) ≥ 0 and in turn 0 ≤ (γ−α, β∨) <
2, i.e. (γ − α, β∨) = 0 or 1. The lemma follows readily. 
Let us proceed now to the proof of Proposition 71 in the case under
consideration.
Thanks to Lemma 74, we can assume there exists φ(α, β) in the
integral span of α and β such that γ − φ(α, β) ∈ Φ. Considering the
long exact sequence of cohomology associated to (7), φ(α, β) is either
a root or of shape −α+ δ+ δ′ with δ and δ′ being positive roots in the
integral span of α and β.
Note that (γ − aα − bβ, β∨) < 0 for any positive integers a and b
with a ≤ b. Along with Lemma 75 (not G2 type with γ ∈ Φ), it follows
that the weight φ(α, β) has to be α + β or 2α + β; the latter weight
occurs only in case (β, α∨) = −2.
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Suppose first that γ−α−β is a root. A glance at the weight of ϕ(Xβ)
(see Lemma 77) shows that this vector is trivial: this weight should be
equal to γ + α − β and should fulfill the required property. Further,
since 2α+β is not a root, ϕ([Xα, Xα+β]) = XαXβϕ(Xα)−Xα+βϕ(Xα)
is trivial. We shall prove that there is a representative of ϕ(Xα) in
V such that the corresponding representative of ϕ([Xα, Xα+β]) in V is
trivial in V ; we thus obtain the proposition thanks to Lemma 74 and
Lemma 75.
Suppose Xβϕ(Xα) is not trivial. Then considering again the weights
γ listed in Lemma 77, we see that a representative vγ−β of Xβϕ(Xα)
can be taken to be in V (λ)λ−γ+β where λ is not orthogonal to α. The
support of γ − β contains a simple root α′ adjacent to α such that
(γ, α′) and (α, α′) differ. From Lemma 47, we deduce that whatever
Xβϕ(Xα) is, the vector Xαvγ−β does not lie in g.v∆ \ {0}.
Consequently, if XβXαvγ is not trivial then the λ-component of
Xα+βvγ equals up to a scalar to X−γ+α+βvλ for λ orthogonal to α.
Since (γ, α + β) > 0, there exists a representative of ϕ(Xα) whose λ-
component is trivial for every dominant weight λ orthogonal to α+ β.
Note that such a dominant weight λ exists under the assumption that
γ is distinct to β + 2α.
Let now γ − α − β not be a root. As mentioned above, the weight
γ − 2α − β has to be a root and so has 2α + β. We proceed similarly
as above while considering instead [v] = Xαϕ(X2α+β)−X2α+βϕ(Xα) -
which is obviously trivial because of the cocycle property.
Assume ϕ(X2α+β) is not trivial. One may list the possible roots
γ − 2α− β with 2α + β being also a root and (γ, β) < 0. A glance at
the weight γ′ = γ−α−β of ϕ(X2α+β) shows that the representative vγ′
of ϕ(Xα) in⊕λV (λ)λ−γ′ projects trivially onto V (λ) if λ is orthogonal to
α. For such a vγ′ , Xαvγ′ does not lie in g.v∆ \ {0}. If Xαvγ′ −X2α+βvγ
is not trivial in V for some representative vγ of ϕ(Xα) then any λ-
component of X2α+βvγ has to be non-trivial whenever λ is orthogonal
to α. Further, X2α+β.v
λ
γ = X−γ+2α+βvλ. Since (λ− γ, 2α + β) < 0 for
λ orthogonal to both α and β (existence), there exists a representative
of ϕ(Xα) whose λ-components are trivial for λ orthogonal to α and β.
It follows that the corresponding representative of [v] is trivial in V
whence the proposition.
C.3.3. γ − β is a root with α and Supp(β) being orthogonal. First ob-
serve that Xβϕ(Xα) is trivial whenever so is ϕ(Xβ) (thanks to the
cocycle property). We shall thus suppose in the two following subsec-
tions that ϕ(Xβ) is not trivial; let γ
′ be its Tad-weight. Recall that
γ′ = γ + α− β.
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C.3.4. (γ, α) ≤ 0 with assumptions of C.3.3.
Lemma 78. Assume there exists δ ∈ Φ positive such that ϕ restricted
onto the Lie subalgebra g(α, δ) associated to α and δ maps trivially
onto H2(g(α, δ), V ). Then (γ, α) = 0 and there exists a representative
vγ ∈ V of ϕ(Xα) such that the λ-component of vγ is trivial for every λ
non-orthogonal to α.
Proof. The lemma follows readily from Kostant Theorem 73 and the
aforementioned long exact sequence. 
Let vγ′ be a representative of ϕ(Xβ) in ⊕V (λ)λ−γ′ . Suppose the
assumptions of the lemma right above are satisfied and let vγ ∈ V be as
in this lemma. In particular, we have X±αvγ = 0 (in V ). Thanks to the
cocycle condition (applied to the roots α and β), we have Xαϕ(Xβ) =
Xβϕ(Xα) and in turn X−αXαϕ(Xβ) = X−αXβϕ(Xα). Let λ ∈ ∆
be such that (λ, γ) 6= 0 and (λ, α) = 0. Note that such a weight λ
exists otherwise vγ will be 0 thanks to the preceding lemma. Since
(γ′, α) = (γ + α − β, α) = (α − β, α) > 0, the λ-component of the
left hand side equals ϕ(Xβ) up to a scalar. The right hand side equals
XβX−αϕ(Xα) which is 0. It follows that ϕ(Xβ) has to be a trivial -
which contradicts our assumption. The proposition follows in the case
under consideration.
Assume now that we are not in the setting of the lemma right above.
This implies in particular that α belongs to the support of γ. Further-
more, at least one of the adjacent simple roots to β, say β−, should
belong also to the support of γ (see Lemma 74).
The following claim will be used in the following; it can be easily
checked out by standard arguments.
Claim 79. If γ − β and γ − β− are roots then so is γ.
Assume first that γ is not a root then thanks to this claim, neither
γ−β− nor γ−α is a root. The latter is due to the fact that (γ−α, α) < 0
(recall that (γ, α) ≤ 0 by assumption). Further by Lemma 74, γ−α−β−
has to be a root hence (γ −α− β−, α) ≥ 0 and in turn (β−, α∨) = −2.
We then observe that no weight γ falls in the case under study hence
γ has to be a root.
Assume thus now that γ ∈ Φ. Recall that (γ, α) ≤ 0, γ− β is a root
and γ does not satisfy the conditions of the above lemma. One obtains
a few roots γ and can conclude as before.
C.3.5. (γ, α) > 0 with assumptions of C.3.3. If (γ′, β) ≤ 0 then as
proved in the preceding paragraph,Xαϕ(Xβ) is trivial and so isXβϕ(Xα)
(by cocyclicity). Let us thus assume that (γ′, β) is strictly positive i.e.
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(γ − β, β) > 0 since (α, β) = 0. The weight γ − β being a root, we
have either (γ − β, β∨) = 1 or 2 whenever not of type G2. One can
thus list the very few possible roots γ − β. Let us work out explic-
itly the type Cn; we have either γ − β = α + . . . + 2(β + . . .) + αn or
γ − β = β + . . .+ 2(α+ . . .) + αn.
Consider the first possible weight γ. Note that (γ′, α) ≥ 3 hence
(λ−γ′, α∨) < 0 for every λ ∈ ∆ (Lemma 47-(1)). Hence ifX−αϕ(Xα) =
0 then we can prove as before that ϕ(Xβ) = 0. Otherwise, there exists
a weight in ∆ that is orthogonal neither to α nor to β. Recall that the
Tad-weight of ϕ, that is γ+α˜−α, lies in the Z-span of ∆. This together
with the properties of the weights in ∆ (see Section B.2) imply:
Claim 80. There exists a weight in ∆ which is orthogonal to α + β
but non-orthogonal to γ.
From this claim, it follows that the cocycle identity fufilled by ϕ and
for α and β can be lifted up to V : Xβvγ−Xαvγ′ = 0. Therefore ϕ maps
trivially in H2(g(α; β), V )) and as before we obtain Xβϕ(Xα) = 0.
C.3.6. γ − β is a root with α and Supp(β) non-orthogonal.
Lemma 81. We have (γ, α) ≥ 0 unless γ = αn−2 + αn−1 + αn of type
Cn.
Proof. Let us proceed by contradiction.
Suppose first that (γ−β, α) is strictly positive. Then (β, α∨) equals
−2 or −3 and γ−β−α has to be a root. In type Bn, the simple root αn
has to be α itself and (γ−β, α) being strictly positive, it has to be equal
to 2 and in turn (γ, α) = 0 -whence a contradiction. Similarly, in type
Cn, we get as possibilities for γ the weights γ1 = αi + . . .+ 2αn−1+ αn
with i < n− 1 and β = αn and γ2 = . . .+αn−2+αn−1+αn. Note that
γ1 − φ(α, αi) is not a root for any weight in the Z-span of α and αi.
Together with Lemma 74, this yields a contradiction with (γ, α) being
strictly negative. And similarly, we are left with γ = αn−2+αn−1+αn.
We handle the type F4 by analogous arguments.
Suppose now that (γ − β, α) is negative. Assume further that the
support of γ contains a simple root δ which is orthogonal to α. Then
by Lemma 78 again, the weight γ − δ has to be a root.
Claim 82. The weight γ is a root and γ = β + δ.
Indeed, if α belongs to the support of γ then γ is not a root and
neither is γ − δ. Therefore the simple root α does not belong to the
support of γ and the claim follows.
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Finally assume that there is no root orthogonal to α in the support
of γ. It follows that α does belong to the support of γ whenever γ is
distinct to 2β.
Claim 83. The weight γ−β is one of the roots α+β, 2β+α, 2α−+α
or α− + α + β.
To obtain the above claim, we list the possible roots γ−β such that
there is no simple root δ orthogonal to α in the support of γ.

We may assume without loss of generality that β is a simple root
not orthogonal to α. Therefore γ − α − β is a root since (γ − β, α) =
(γ, α)− (α, β) > 0.
If (γ′, β) > 0 then (γ−β, β∨) > −(α, β∨) and in turn (γ−β, β∨) ≥ 2
whence a contradiction with γ − α − β being a root. It follows that
(γ′, β) ≤ 0. Then (γ − β, β∨) ≤ −(α, β∨) and listing the possible
weights, one may conclude as before taking into account the cases al-
ready worked out.
C.3.7. γ−β is not a root and (γ, β) ≥ 0. Remark that if Xβϕ(Xα)
is not trivial then (by Lemma 74), the simple roots α and β are not
orthogonal and in turn, one of the weights γ − α − β and γ − 2α − β
has to be a root. Note that the latter may occur only in case 2α+ β is
a root.
Suppose first that γ − α− β is a root.
Claim 84. ϕ(Xβ) is trivial.
If (β, α∨) = −1 then (γ, α) > 0 and 0 = ϕ([Xα, Xα+β]) = XβXαϕ(Xα).
If there exists a representative vγ such that XβXαvγ is trivial (in V )
then the proposition is proved. Let thus XβXαvγ be non-trivial then it
equals X−γ+α+βv∆. Note that whenever λ is orthogonal to α , we
have (λ − γ + α, β) < 0 in the case under study. It follows that
Xαvγ = X−βX−γ+α+βvλ for λ orthogonal to β (recall that Xαvγ may
be assumed to be non-trivial otherwise the lemma is already proved).
Claim 85. There exists a dominant weight in ∆ which is orthogonal
to α + β.
Since (γ, α) > 0, we can deduce the existence of a representative vγ
whose λ-components are trivial when λ is orthogonal to α + β. The
proposition follows by the same arguments as before.
Suppose now that (β, α∨) = −2 (and γ − 2α − β may be a root).
The possible weights can be explicitly listed.
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C.4. Application. Retain the notation set up previously in this ap-
pendix and put
S2V/V (∆2) = ⊕D∈∆S
2V (λD)/V (2λD)
⊕D 6=D′∈∆V (λD)⊗ V (λD′)/V (λD + λD′).
A vector in any of the above direct summands is denoted by vD · vD′ .
Let vD denote the projection of v ∈ V onto V (λD) and consider the
map of Tad-modules
f : V/g.v∆ → S
2V/V (∆2)
[v =
∑
∆ vD] 7→ [v · vλD ] :=
∑
D,D′
[vD · vλD′ ].
The referred Tad-module structure is induced by the normalized action
on V . We have obviously
Lemma 86. The map f is injective.
Proposition 87. The map induced by f
H1(f) : H1(gv∆ , V/g.v∆)→ H
1(gv∆ , S
2V/V (∆2))
is injective.
Proof. Let ϕ be a Tad-weight vector in H
1(gv∆ , V/g.v∆). By Proposi-
tion 69, there exist α simple and γ ∈ Σ(∆) such that
ϕ = X∗α ⊗ [vsα∗γ ].
Let [vsα∗γ · vλD ] be non-trivial in S
2 V/V (∆2); see the above lemma.
We shall prove that there is no v ∈ S2 V/V (∆2) such that [vsα∗γ ·vλD ] =
Xαv in S
2 V/V (∆2). Note that there is no such v whenever one of the
following assertions holds:
(8)
[
X−α
(
vsα∗γ · vλD
)]
= 0 in S2 V/V (∆2).
(9) Xaαvsα∗γ 6= 0 in V for a = (λD, α
∨).
Let us first consider X−α
(
vsα∗γ · vλD
)
. Note that by definition, we
have: X−αvsα∗γ = 0 in V . We thus have
X−α
(
vsα∗γ · vλD
)
= vsα∗γ ·X−αvλD .
Remark that if (λD, α) = 0, Assertion (8) obviously holds. The
proposition thus follows from the next lemmas. 
Lemma 88. Let vsα∗γ = X
r
−αvλD for some λD. Then Assertion (9)
holds for a weight λD′ such that [vsα∗γ · vλD′ ] 6= 0.
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Proof. Note that r = (λD, α
∨). Hence if r > 1 then [Xr−αvλD · vλD ] 6= 0
and Assertion (9) is clear whence the lemma withD′ = D itself. If r = 1
then necessarily α ∈ Σ and there exists λD′ 6= λD non-orthogonal to
α. Thanks to Lemma 47, (λD′, α
∨) = 1 and Assertion (9) holds with
λD′. 
Lemma 89. If (γ, α) < 0 then Assertion (9) holds for every λD ∈ ∆.
Proof. Recall that γ belongs to Z∆ (Theorem 69). Together with
Lemma 47, this implies that (λ− γ, α∨) ≥ (λ′, α∨) for every λ, λ′ ∈ ∆.
The lemma follows readily. 
Lemma 90. Let [vsα∗γ · vλD ] 6= 0 in S
2 V/V (∆2) with γ ∈ Σ(∆). If λD
is orthogonal to γ then Assertion (9) holds.
Proof. Note first that the support of γ does not contain α. Indeed
λD being orthogonal to γ it can not be orthogonal to α otherwise
[vsα∗γ · vλD ] will be 0. Hence (γ, α) ≤ 0 and further Xαvγ = 0 in V . By
Proposition 71 together with Definition 68, we get that vsα∗γ = X
r
−αvγ
with r = (λ− γ, α∨) and vγ ∈ V (λ). Further, since [vsα∗γ.vλD ] 6= 0 and
(λD, γ) = 0, we have: vsα∗γ 6= vγ .
The weight λ being non-orthogonal to γ, it is different from λD.
Assume that (γ, α) = 0 then since α does not belong to the support
of γ, it has to be orthogonal to every simple root lying in the support
of γ. Let δ ∈ Suppγ be such that Xδvγ 6= 0 (in V ). Then Xδvγ =
X−γ+δvλ ∈ g.v∆. Moreover, since vsα∗γ 6= vγ , we have (λ, α) 6= 0. It
follows from Lemma 46 that α ∈ Σ ∩ S and γ ∈ S. By Lemma 47-(4),
we end up with a contradiction. We deduce that (γ, α) < 0 - case
worked out in the previous lemma. 
Lemma 91. Suppose (γ, α∨) > 1 with γ ∈ Σ(∆). Then [vsα∗γ · vλD ]
and Assertion (9) holds with λD such that vγ ∈ V (λD).
Proof. If γ = 2α, we fall in the setting of Lemma 88. Suppose thus
that γ 6= 2α.
In light of the description of Σ(∆) (Proposition 59), the weight γ ∈
Σ(∆) under consideration is such that (γ, α∨) = 2 and γ ∈ Σ. From
the list of spherical roots together with Lemma 52, one can choose vγ
in some V (λD) of first type and (λD, α
∨) = 1 necessarily. 
Lemma 92. Let γ ∈ Σ(∆) and (γ, α∨) = 1 for some simple root α.
Then Assertion (9) holds.
Proof. By Proposition 59 and the table of spherical roots, γ − α is
a root. By Lemma 47, there exists λ ∈ ∆ non-orthogonal to α and
(λ, α∨) = 1. Further vγ can be chosen in V (λ). If Xαvγ = 0 in V ,
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it follows from [Js] and Lemma 52 that [vγ ] = [X−γvλ] = [X−γvλ′ ] for
some λ′ 6= λ and such that (λ′, γ − α) 6= 0. In particular Xαvγ 6= 0 in
V for vγ = X−γvλ′ . Then vγ can be chosen such that vγ ∈ V (ν) with
Xαvγ 6= 0 in V and ν = λ or λ′ as above. Assertion (9) thus holds with
λD = λ. 
Lemma 93. Let α be a simple root not in Sp. Suppose (γ, α) = 0 then
one of the assertions (8) and (9) holds.
Proof. First assume that α does not belong to the support of γ. Then
α is orthogonal to every simple root in the support of γ. It follows
that vλsα∗γ = v
λ
γ in V if and only if (λ, α) = 0. If the λ-component v
λ
γ
is such that vλγ · vλ 6= 0 then Assertion (8) holds whenever (λ, α) = 0.
If vλγ · vλ = 0 then v
λ
γ = X−γvλ and there exists λ
′ 6= λ such that
0 6= vλγ · vλ′ = vλ ·X−γvλ′ hence Assertion (8) whenever (λ, α) = 0. Let
now (λ, α) 6= 0. Note that Xαvγ = 0 in V since α does not belong to
the support of γ. Then vλsα∗γ = X
r
−αv
λ
γ with r = (λ− γ, α
∨) = (λ, α∨).
Further γ + α is not a root therefore vλsα∗γ 6∈ g.vλ. Assertion (9) thus
holds with λ such that the λ-component of vγ ∈ ⊕λV (λ)λ−γ is not
trivial.
Assume now that α lies in the support of γ. Then by Lemma 49,
γ−α has to be a root; the type F4 is easily ruled out. More precisely γ is
a root of type Bn or Cn. Further in type Bn, we can choose vγ = X−γvλ
whereas vγ ∈ V (λ)\g.vλ in type Cn along with (λ, α) = 0 in both cases.
In the first situation, vsα∗γ = X−γ−αvλ and there exists λ
′ 6= λ non-
orthogonal to γ. In type Bn, we then have 0 6= vsα∗γ ·vλ′ = X−γ−αvλ′ ·vλ
whence Assertion (8). In type Cn, Assertion (8) holds with λ
′ = λ. 
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